CHANGE-POINT ANALYSIS: SINGLE CHANGE-POINT IN A SEQUENCE OF

INDEPENDENT GAUSSIAN AND EXPONENTIAL RANDOM VARIABLES

By

ELENA A KHAPALOVA

A dissertation submitted in partial fulfillment of
the requirements for the degree of

DOCTOR OF PHILOSOPHY

WASHINGTON STATE UNIVERSITY
College of Business

MAY 2009

www.manharaa.com




UMI Number: 3388518

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

UMI
Dissertation Publishing

UMI 3388518
Copyright 2010 by ProQuest LLC.
All rights reserved. This edition of the work is protected against
unauthorized copying under Title 17, United States Code.

ProQuest

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, MI 48106-1346

www.manaraa.com



To the Faculty of Washington State University:

The members of the Committee appointed to examine the dissertation of ELENA A
KHAPALOVA find it satisfactory and recommend that it be accepted.

Stergios B. Fotopoulos, Ph.D., Chair

Venkata K. Jandhyala, Ph.D.

Sung K. Ahn, Ph.D.

Min-Chiang Wang, Ph.D.

K.A. Ariyawansa, Ph.D.

www.manharaa.com




ACKNOWLEDGMENTS

| am very grateful to my advisor, Dr. Stergios B. Fotopoulos. | have been very fortunate to have
his support and encouragement throughout my graduate studies and while writing this
dissertation. | am thankful for his help with the theoretical and technical aspects of this
research, in particular, the first two sections of chapters two and three are based on his work
and are in large part his contribution. | would like to thank Dr. Jandhyala for the time he spent
working with me on our research, especially this past summer, and also for his service as a
member of my committee. | would also like to thank Dr. Ariyawansa for taking the time from his
busy schedule to serve as a member of my committee. Moreover, | would like to thank Dr.
Wang and Dr. Ahn for agreeing to serve on my committee. Dr. Wang has always been there to
listen and offer advice, | very much appreciate the support and the time he gave me. Dr. Ahn
has offered encouragement and time both for my research and my studies, | am incredibly
grateful for his support and would like to say that he, as the department chair, takes very good
care of us graduate students. Finally, | would like to offer my utmost gratitude to Janet Reid and

Barbara Chatburn who were always there to listen and offer moral support.

| would like to thank everyone again for their patience, time, and encouragement, | will always

look back at my time at Washington State University with appreciation and much fondness.

www.manaraa.com



CHANGE-POINT ANALYSIS: SINGLE CHANGE-POINT IN A SEQUENCE OF INDEPENDENT GAUSSIAN
AND EXPONENTIAL RANDOM VARIABLES

Abstract

by Elena A Khapalova, Ph.D.
Washington State University
May 2009

Chair: Stergios B. Fotopoulos

This thesis considers the problem of change-point analysis, more specifically the maximum
likelihood estimates of a single abrupt change-point in sequence of independent, time-ordered
exponential and normal random variables and the asymptotic distributions of those estimates.
Exact computable expressions for the asymptotic distributions are calculated and the distributions
are used to calculate confidence intervals for a change detected in the multivariate gaussian
time-series of annual mean precipitation, a univariate gaussian time-series of temperature
anomalies, and a time-ordered sequence of exponentially distributed time intervals between
earthquakes. The accuracy of the asymptotic distribution and, in the gaussian case, robustness

to departures from normality are investigated via simulations.
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CHAPTER 1

INTRODUCTION TO CHANGE-POINT ANALYSIS

Page introduced the classical change-point problem in 1955 where he put forward the following
guestion: if we have an independent time-ordered sequence of values, where the first m
observations may have come from one distribution F (x|0) and the remaining observation from
another distribution F(x|0"), with 8 # 6, how would we detect and test for such a
hypothesized change when m is unknown. Page (1955) suggested using cumulative sums to
detect change, and gave a one sided test for change in the mean. In the subsequent years many
approaches have been developed to try and solve this problem, and much has been written on

the topic of change-point analysis.

Change-point analysis consists of two main parts: first we wish to detect and estimate the
change-point in a sequence of random variables or in a regression model; second we wish to
determine the distribution of the change-point estimate and compute a confidence region for
the true-change point. The underlying distributions for a sequence of random variables
generally considered include, most frequently the normal distribution, and somewhat less
frequently the exponential, gamma, binomial, and Poisson; while the methods commonly used
in analysis are the likelihood ratio, Bayesian, nonparametric, and information criteria. The bulk

of literature seems to focus on estimation of change-points and hypothesis tests for change in
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univariate and multivariate sequences of random variables, and in a few cases, testing for
multiple changes in a sequence of random variables. For a comprehensive overview of change-
point detection and estimation see Csorgé & Horvath (1997) and Chen & Gupta (2000), in

addition, some literature examples are given below.

Nonparameteric procedures for estimation and testing

Bhattacharya & Frierson (1981) came up with a nonparametric procedure to detect a change in
distribution based on asymptotic behavior of cumulative sums. Ferger (1995) considered
nonparametric tests for a change in distribution. Ritov (1990) took a sequence of random
variables with unknown underlying distributions and found an asymptotic efficient estimation
of the change-point. Carlstein’s (1988) nonparametric estimate of the change-point was based
on maximizing the distance between the empirical distribution functions of two time series sets
of observations. Miiller & Wang (1990) gave us a nonparametric estimator of a change-point in

a hazard rate.

Bayesian procedures for estimation and testing

Raftery & Akman (1986) considered the Bayesian approach to estimate and test for a change in
a Poisson process. Smith (1975) also took the Bayesian approach, in his case to estimate and
test for change in the binomial and normal distributions. Barry & Hartigan (1993) took the
Bayesian approach to detect sharp short-lived changes in parameters, while Jain (2001) used

the Bayesian approach to estimate change-points in Erlang distributions. Chernoff & Zacks

www.manaraa.com



(1964) found the Bayesian estimator for a change in the mean in a sequence of normal random

variables.

Non-Bayesian procedures for estimation and testing

Matthews & Farewell (1982) applied the likelihood ratio test for a single change-point in the
hazard rate and the log gamma family. Loader (1991) also used the likelihood ratio test to test
for a change in hazard rate and in addition gave the approximate confidence regions and joint
confidence regions for the location and size of change. Karasoy & Kadilar (2007) found an
efficient estimate for a change in the rate of a hazard function. Akman & Raftery (1986)
considered a non-Bayesian approach to testing for a change in the rate of a Poisson process in
the special case where the change-point to sample size ratio stays constant as both approach
infinity. Worsley (1986) considered a maximum likelihood ratio test for a change in
independent exponential family of random variables, most notably the exponential distribution,
and derived the null and alternative distributions of the test statistic, while Ramanayake &
Gupta (2003) also computed a likelihood ratio test statistic for a change in the mean in a
sequence of independent exponential random variables. Siegmund (1988) computed joint
confidence sets for the change-point and exponential family parameters, whereas Bhattacharya
(1987) found estimates for the change-points in multi-parameter exponential families.
Lombard (1987) tested for one or more change-points in a series of independent random

variables and derived test statistics and their asymptotic null distributions. Hsu (1979) worked
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on detecting changes in scale parameters in independent time ordered gamma random
variables and obtained the distribution of the tests statistic. Gombay & Horvath (1990) also
found the asymptotic distribution of their maximum likelihood test statistic when testing for
change in the mean. Jandhyala et al. (2002) tested for change in the variance of individual
observations and derived the null distribution of the likelihood ratio statistic. In addition, Kim &

Siegmund (1989) found a likelihood ratio test to detect changes in linear regression.

A lot less work has been done do derive the asymptotic distributions of the change-point
estimates. Hinkley (1970, 1971, 1972) was the first one to focus attention on the likelihood
ratio, non-Bayesian, approach to estimating the unknown change-point and then obtaining the
asymptotic distribution of the maximum likelihood estimate. In his work he considered the mle
of a change-point when an abrupt change occurs in the distribution of a sequence of
independent random variables. Unfortunately the form he gives for the asymptotic distribution
is computationally intractable. Subsequently, multiple authors provided some sort of
approximations or bounds for the distribution of the change point mle. For example, Jandhyala
& Fotopoulos (1999) computed bounds and suggested two types of easily computed
approximations for the distribution. Later Fotopoulos & Jandhyala (2001) found a form of the
asymptotic distribution of the change-point mle, but again that expression was not in a
computable form. Hu & Rukhin (1995) provided a lower bound for the distribution of the mle
over or under estimating the true change point, while Borovkov (1999) provided both upper
and lower bounds for the distribution of the mle. Miller and Wang (1990) gave the limiting

distribution of nonparametric estimators of change-points in the hazard rate. Barry & Hartigan
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(1993) also considered distributions of the change-points and parameters, while Worsley (1986)
gave exact and approximate confidence regions for change-points. Cobb (1978) derived the
conditional distribution of the maximum likelihood estimate of a change-point, his method
could be applied to changes in the mean or variance for various distributions. Fotopoulos et al.
(2009) looked at deriving the asymptotic distribution of the mle of a change point under

contiguity.

Further, the change-point problems can be split into several groups, first we consider the
abrupt versus smooth change problems. In the case of the abrupt change, the change (e.g., in
the mean) is assumed to happen as a sudden shift from one distribution to another or one
parameter value to another, it does not depend on sample size, this is the case that the
majority of literature focuses on, e.g., Hinkley (1970), Worsley (1986), and Kim & Siegmund
(1989). In a smooth change case the change-point is related to the sample size. For example,

Lombard (1987) defines the smooth change model as follows

fl) i = T1
0; =16+ A —1)(E— &)/ (12 — 11), 71 <IST
fZJ i> Ty

and the abrupt change as

-
I

{511 1SiST
&,  T<i<n
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where 1 is the unknown change-point. While Fotopoulos et al. (2009) define a smooth change
problem as one where the amount of change is a function of the sample size, such that as the

sample size goes to infinity the amount of change goes to zero in a “smooth fashion”.

In addition, there are two types of data we may consider for the change-point problem, online
(or sequential) and fixed sample size off-line (or non-sequential) data. In a sequential change-
point problem we are trying to identify a change (perhaps in mean or variance) and make a
stopping rule. Sequential change-point literature includes Siegmund (1975) and Siegmund &
Venkatraman (1995) who consider sequential detection of a change-point using likelihood ratio
tests. Applications include statistical process control, see Siegmund (1975, 1995), and medicine,

for example detection of change in estrogen levels, see Carter & Blight (1981).

When analyzing online (or sequential) data for possible changes we of course must also
consider control charts which are commonly used in statistical process control to detect
nonrandom variation in a process. Shewhart control charts and the cumulative sums (CUSUM)
charts are examples of charts that are frequently used to detect changes in a parameter of a
process. One concern with control charts is that the parameter values used in the formulas
must be known, when they are not known we must estimate the parameters under the
assumption that the process, upon which we base our estimates, was stable. In the case where
the assumption of stability does not hold sequential change-point analysis could be used for

better results.
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In general, change-point analysis works well with offline data and larger historical datasets; it
does not require that we know the true parameter values of the underlying distributions thus it
can be a good complement to control charting. Control charts, on the other hand, are
constantly updated and will detect abnormal observations and large changes fast, but they may
miss small changes or take a while to detect them. Change-point analysis, applied to previously
collected data, would, in some cases, be able to detect the smaller changes that were missed.
In addition, it would provide more information about the location and number of the change-

points than a control chart.

Finally, there are many application for change-point analysis in areas of transportation, science,
medicine, agriculture, climatology, traffic control, inventory and production processes,
telecommunications, queueing and statistical quality control. One example of application of
(multiple) change-point methodology is in DNA sequencing, see Brown & Muller (1998).
Change-point methodology can also be used for studying cancer therapies and their
effectiveness, for example to determine if there was a change in the patients’ relapse rates.
Detecting changes in the interarrival times of customers would be quite useful for planning

services or making staffing decisions, see Jain (2001).
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CHAPTER 2

ASYMPTOTIC DISTRIBUTION OF THE MAXIMUM LIKELIHOOD

ESTIMATE OF THE CHANGE-POINT WHEN A CHANGE OCCURS

IN THE RATE PARAMETER OF AN EXPONENTIAL PROCESS

In this chapter we investigate an abrupt change-point problem with the change-point occurring
in the rate of an exponential process. An exponential model is quite appropriate for use in
many sciences, such as management, engineering, biology, climatology, and seismology. For
example, assuming independence and exponentiality, we may wish to analyze intervals
between successive failures of equipment (e.g., to see for if the times shorten towards life end),
disease outbreaks (e.g., to see if preventative measures worked), weather events (e.g., for signs
of climate change), or earthquakes in a region (e.g., to find evidence of dynamic triggering). We
may also examine interarrival times of patients in a hospital, or interarrival times of customers
in a calling center, as well as service times in that calling center, and determine if there is a
change in the underlying exponential process as well as calculate a confidence interval for the
unknown true change-point if a change is detected. Being able to conclude that there was a
change in a data sequence and to specify a confidence interval for that change-point would

greatly enhance the study of the above mentioned phenomena.
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Thus we would like to make inferences about changes that occur in exponential time-ordered
datasets and make available more statistical tools for the sciences and other areas. In order to
do that we need to first test for change and then calculate the confidence interval for the
change-point based on the asymptotic distribution of the change-point mle. Much of literature
has focused on testing for change, for example Csérgé & Horvath (1997) and Chen & Gupta
(2000) among many others provide robust parametric methodology for change-point tests of
hypotheses based on maximum likelihood. But comparatively little literature has focused on
exponential distribution and on the asymptotic distribution of the mle. Indeed, no published

work yet gives the exact computable expression for such a distribution.

Multiple authors have provided some sort of approximations or bounds for the distribution of
the change point mle. For example, Jandhyala & Fotopoulos (1999) computed bounds and
suggested two types of easily computed approximations for the distribution. Later Fotopoulos
& Jandhyala (2001) found a form of the asymptotic distribution of the change-point mle, but
that expression was not in a computable form. Hu & Rukhin (1995) provided a lower bound for
the distribution of the mle over or under estimating the true change point, while Borovkov

(1999) provided both upper and lower bounds for the distribution of the mle.

Many other authors have studied various aspects of the change-point problem in an
exponential or Poisson model. For example, Worsley (1986) used the maximum likelihood ratio
method to test for change in an independent exponential sequence, and to compute an
estimate of the unknown change-point and the confidence regions for the true change-point.

He also considered the distributions of the test statistics used to test for change. Haccou,

www.manaraa.com



Meelis, & Geer (1988) also considered the likelihood ratio test and the asymptotic null-
distribution of the test statistic. Haccou & Meelis (1988) tested for multiple change-points;
while Ramanayake & Gupta (2003) looked at testing for epidemic change in an exponential
model utilizing the likelihood ratio approach. Akman & Raftery (1986) investigated procedures
to test for change in a Poisson process and to determine point and interval estimates of an
unknown change-point also in a Poisson process. Raftery & Akman (1986) took the Bayesian

approach to change-point inference for a Poisson process.

The rest of the chapter is organized as follows: in section 2.1 we will look at general results for
the asymptotic distribution of the mle of the unknown change-point, then in section 2.2 we will
focus specifically on the exponential distribution and derive the needed expressions from
section 2.1 in order to later present, in section 2.3, the exact computable expressions for the
asymptotic distribution of the mle of the unknown change-point when a change occurs abruptly
in the rate of a sequence of independent exponential random variables. Then in section 2.4 we
will present an application of the distribution theory previously derived by analyzing
earthquake data from the Sumatra, West Indonesia region. Section 2.5 will conclude with a

simulation study that considers the accuracy of the asymptotic distribution previously derived.

2.1 General results for the distribution of the maximum likelihood estimate of

the change-point .

First, let us consider a time-ordered sequence of independent, real-valued random

variables, ¥;,Y,, ...,Y,, n > 1, defined on (Q,F,P). We assume that there exists a change-

10
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point 7, € {1,2,...,n — 1} such that the sequence Y;,Y,, ., Yz, has a common probability
density function f; and the sequence Y; .4,Y; 45, ...,¥,, has a common probability density

function f,, where f; # f,. The true change-point 7, is unknown and we wish to estimate it.
2.1.1 Expressions for the maximum likelihood estimate

We use the method from Hinkley (1970) to obtain following maximum likelihood estimate (mle)

7,, based on a sample of n observations.

The likelihood function, if t,, = t, then is as follows

n

i=t+

o= [rmw [ row=[[20] [rm (211)

And the log likelihood function then is expressed as

L() =10gL(®) = ) logi(¥) + ) logf;(¥) (212)
i=1

i=t+1

Let w; = log f1(Y;) —log f»(Y;), then by adding and subtracting Y‘_,logf,(Y;) the log

likelihood function can be rewritten as

L@ = ) wi+ Y logfo(1) (21.3)
i=1 i=1

wheret=1,2,...,n — 1.

The mle 7,, is then equal to t that will maximize equation (2.1.3), and is expressed as

11
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tp=arg max 2, logE(Yi) (2.1.4)
=

To determine the distribution of the change-point estimate 7,, it is more convenient to work
with a centered mle £, — t, = k. Thus we assume that the mle %, occurs at ¥, =7, + k,
where k is located above or below the true change-point 7,,. Note that the mle can then be
rewritten to reflect this as

Ty —Tp = arg max Z logﬁ(Yi) (2.1.5)

1-Tp<ksn—-1-1, £

2.1.2 Finite sample distribution for §,,

Now let us consider a time-ordered sequence of independent, real-valued random variables,
Y,Y,, .., Y, n>1, defined on (Q,F,P). We assume that there exists a change-point
T, €1{2,3,...,n} such that the sequence Y;,Y,, e Yo 1) has a common probability density
function f; and the sequence Y, ,Y; .4,..., Yy, has a common probability density function f;,

where f; # f, are densities of F; # F, with respect to some dominating measure u(F;, F, <

1.

The true change-point t,, is unknown and we wish to estimate it. Note that we have redefined
what we call the true change-point 7, it is now the index of the first random variable with
density function f, rather than the index of the last random variable with density f;, therefore

equation (2.1.4) will, in this case, estimate t1,—1. And (2.1.1) is now

L) =111 A [T fo (VD).

12
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let t€{2,3,..,n} and T, -1, =k€{2—-1,3—17,..,n—T,}. Then we define the

following

R =] [2m)

Z(t) ==logR(t)

(2.1.6)

(2.1.7)

Let us assume that k>0, and £,, < nis an “overestimate” of the true-change point 7,,. Then we

can view the event 7,, — 7,, = k as follows

{ftpn—th=k: k=1, .., n—1,}

= {R(z, + k) > R(), for j

=1ty k-1 /\R(Tn+k) > R(),forj =1, +k, ..

={2(t, + k) > 2(j), for j

1ty k=1 /\Z(Tn 1) =20 forj =1, +k, ...

Let

T

and define random variables X* and X as follows

X; =Wy i if i=1,2,.,~T,+n

13

) (218)

) (21.9)

(2.1.10)

(2.1.11)
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X;=-W, if i=12,..,1,—1 (2.1.12)

Note that X* and X are real valued random variables with negative expected values.

E(X) = —jIOg%(x) fi)uldx) = —K(f1,f2) <0 (2.1.13)

E(X") = flog%(x) fo(uldx) = —K(f2, f1) <0 (2.1.14)

where K is the Kullback-Leibler information number, recall that F; # F;.

Then the partial sums of the random variables X* and X defined as

j j
i=1 i=1

are two, independent of each other, random walks.

Now let us define the strict ascending and descending ladder epochs for the two random walks,

borrowing from Asmussen (1987).
For the random walk §
Ty =min{j > 1:5; <0}, T =min{j > 1:5; > 0} (2.1.16)

where Ty is the first strict descending ladder epoch, or the first time the random walk S enters
(—,0), and Ty is the first strict ascending ladder epoch, or the first time the random walk S

enters (0, ). And similarly for the random walk S*

14
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T;" =min{j > 1:S <0}, T;" =min{j > IN:S; > 0} (2.1.17)

In addition, let us define the finite and infinite horizon maxima, M; is the maximum of the first j

partial sums, and M, is the total maximum, where M; T My asj — oo.

M; = max S; and M; = maxS; (2.1.18)
0<i<j 0<is<j
My, = max S; and My, = max S/ (2.1.19)
0<i<oo 0<i<oo

We know both M, and M}, exist due to (2.1.13) and (2.1.14). Then for k > 0, and defining the
random variable &, = 1,, — t,,, we get the following probability using the above mentioned

definitions for Tl*i, Siand M;, and equation (2.1.9)
Tn+k—1 n
PEu=1)=P|2@+0> \[ 2().2@+02 \[ 2()
Jj=1 J=Tn+k
Tn—1 k-1 n—tn—k
=P| Sg > Si, [\S >0]|P \/Sj*so
j=1  j=1 j=1

=P(T{™ >k, Sg > My 4)P(T; =n—1, — k) (2.1.20)

Note that

(n—-tp)and t, T

P(§n = k) P(T;™ > k,S; > My) P(T;H =) = P(6,, = k) (2.1.21)

And similarly to (2.1.20) but fork < 0, i.e., (k € {2 — 1., ..., =1} and t,, > 2) we have

15

www.manaraa.com



Tn—k-1 Tn—k-1

P&, = —k)=P| Z(r, -k —1) > \/ 20), 20ty —k —1) > \/ 7()
j=1

j=1

n—tn k—1 Tn—k-1
j=1  j=1 j=1
=P(T{ >k, S, > My—, )P(T{ =71, — k) (2.1.22)
Note that
(n—-ty) and T, - ©
P, = —k) P(Ty >k, S, > ML )P(T{ = o) =P(é, = —k) (2.1.23)

And when k = 0, we have the standard expression
P(§y =0) = P(M;,_; = 0)P(M;,_,, = 0) (2.1.24)

Note that

(n—ty) and T,

P(&, = 0) “ S P(M,, = 0)P(M5, = 0) = P(§,, = 0)  (2.1.25)

Then we can write the finite sample distribution of &, as follows

P(Ty” >k Sp>M, _)P(TyY 2n—1,—k), k=1,2,..
P, =k)={P(M; _, =0)P(M;,_, =0), k=0 (2.1.26)
P(Ty > kS =M, )P(T} =1, — k), k=-1,-2,..

We can see that the finite sample distribution of &, , (2.1.26) above, requires the unknown
change-point 7,,, thus making is impossible to compute. Therefore we may choose to work with

the asymptotic distribution of &,, by letting both (n — 7,)) and 7,, — oo, see (2.1.21), (2.1.23),

16
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and (2.1.21). Therefore the probability distribution of &, , the limiting random variable, can be

written as follows

P(T; >k, S; > My )P(T;+ =), k=1,2,..
P(&,, = k) = {P(M, = 0)P(M;, =0), k=0 (2.1.27)
P(T{ > |kl, Sy > M3)P(Tf = ), k=-1,-2,...

Note that &, is a proper random variable since both M, and Mg, exist and in view of (2.1.27)

and (2.1.39), see Section 2.1.3.
2.1.3 Distribution of M, and M}, general case

In Asmussen (1987) G, is defined as the strict ascending ladder height distribution which may

be defective.
G, (x) = P(T{ < 0,51+ < x) (2.1.28)
G4l = P(Tff <o) <1 (2.1.29)
Note that ||G, ||, in our case, is always < 1. Then it follows that

P(T{ =) =1—P(T{ <)

=1-|G;|| =P(M, =0) (2.1.30)
Similarly
G|l = P(T;* <o) <1 (2.1.31)
and
17

www.manharaa.com




P(T{* =) =1-P(T{* <o)
=1— ||G;|l = P(M, = 0) (2.1.32)
Note that E(T7) = (1 = [|G4I)" and E(Ty ™) = (1 = IGZ D™

Recall that M, = maXy<j<e S; and Ty and T, are the first ascending and descending ladder

epochs, see (2.1.16) for definitions. The distribution of M., can then be defined as follows

P(M,, < x) = P(T;" = oo)z P(TT > j,5; < x)
7=0

= (=116, ) P(T7 > j,5; € [0,x])
j=0

[ee)

= A= N6D| 1+ ) P(T > .5 € [0,2])

Jj=1

= (A= 16,1) ) P (T} < 0,5, € [0,x])
=0

]

=1 —-IG.D| 1+ z P (Tj+ < o0, Sy < x) (2.1.33)
j=1
where
Tt =min{j > T}, : 5; > 0} (2.1.34)

Similar results apply for Mg, = maXp<j<c Sj*:

18
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P(M;, <x)=P(T;+ = w)zP(Tl‘ >S5 <x)
=0
—(1- ||Gi||)ZP(T1‘ >,5" € [0,x])
=0
== NG5 | 1+ ) P(Ty > ji5] € [0,x])
=1

=16 Y P (17 < 0,550 € [0,11)
j=0

—a-qeznl1+ Z P(T/* < 0,854 <) (2.1.35)
=1 !
where
T/ = min{j > T;*, : S/ > 0} (2.1.36)

The following show that &, is a proper random variable, see (2.1.27)

Z P(w=k) = Z P(T;™ > k,S; > My,)P(T;+ = o)
k=1 k=1

= (A= 1651 ) P(TY™ > ki > M)
Jj=k

= P(M% > My, M5 >0) (2.1.37)

And similarly,
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D P ==k = ) PT > k.8 > ML)P(TY = o)
k=1 k=1

= (A= 1164ID ) P(TY > kS > M3)
k=1

=P(My > M5, My, >0) (2.1.38)

Thus,

Z PEo=k)=1 (2.1.39)

k=—o0
=P(My =My, =0) + P(M, > My, M3, > 0) + P(My, > My, My, >0 ) =1
From literature we have
P(§e =0) = P(Ms, = Mg, = 0)

= P(M,, = 0)P(MZ, = 0)

=@ =G D@ =Gl (2.1.40)

Define the following for k > 0
qr =P(Ty > k), qo=1 (2.1.41)
qr =PI >k), qo=1 (2.1.42)

Then the probability distribution of &,, from (2.1.27) can be rewritten as follows

20
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( [o¢]
a-1neinl a - fP(Moo>x)P(S,’§de,T1‘>k) k>0

0+
P =k)=q@—lGIIDA—-G,I), k=0 (2.1.43)
A= 16.10 | qu - fP(Mz; > 2)P(Spy € dx, Ty > [kI) |k <0
\ ot

and used to develop procedures that would allow us to compute the exact probabilities for &,
under different underlying densities f; # f,. See Fotopoulos (2007) and Jandhyala &

Fotopoulos (1999).

2.2 The distribution of the maximum likelihood estimate of the change-point =

in the exponential case

Consider a time-ordered sequence of independent real valued random variables, Y;,Y,, ..., Y,
n > 1, defined on (Q,F, P). We assume that there exists a change-point 7,, € {2,3,...,n} such
that the sequence Y3,Y,,..,Y; _;, has a common probability density function f; and the
sequence Y, ,Y 14, ..., Yy, has a common probability density function f;, where f; # f5. Let,

without loss of generality, v; > v,, and

fi(y;,v1) = Exp(vy) = vie7 v, i=1..,1—1;, v, =20

fo(vi, v2) = Exp(vy) = v,e7 72, i=1,..,m y,20 (2.2.1)

Fouv) =

To calculate the distribution of &, , see (2.1.43) previous section, in the exponential case we
will need to determine the exact expressions for: ||GL|, |G+, g, Mw, Mo, X, X*,P(S; €

dx, T~ > k) = up(dx), and P(Sy € dx,T{ > k) = u,(dx).
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2.2.1 Expressions for the X in the exponential case

Let, v; > v, and consider the random variable

X = —log f—: Y) (2.2.2)

f:

Then applying the exponential probability distribution functions (2.2.1) we get

ve Y vye V2 v, ~

v
= log (v_z) + (v, —vy)Y (2.2.3a)
1
where Y~Exp(v,). Also note that we can rewrite the above equation (2.2.3a) as

X= 1 (”2)+v1_v25 2.2.3b
—Dog o o (2.2.3b)

where E~Exp(1).

Then for x > 0 we have the following distribution of X

v
P(X>x) = P(logv—2+ (vy — V)Y > x)
1

x—log22
Uy 05,
x —log == -v 1
9 12 H vi—ve Y1 [x—log—2
=PlY>——|=c¢ = eV1~ V2 V1
(v —v3)
v1X A U1 viX
VX L 10g(Y2)v1-v2 Va\vi—v, —L (&)
= eV1~ V2 g(U1) =|— evi~vz, x > log— (2.2.4)
V1 V1
22
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and

V1
Vo\v;—v, —Y1X v
Fx(x)=PX<x)=1- (—2>v1 "2 evi=vs, x> log—2 (2.2.5)
U1 U1
V1
Since (z—z)"l_"z € (0,1) due to v; > v, the pdf of X is defined by
U1 V2 v%vz “hx V2
= — vi=v2[ (x > 1 —) 2.2.6
) = 2 () e (x> tog (2.2.6)
x—logv—2

x—logv—2
“L] we have L>0 and
(v1-v2)

Note that Y~Exp(v,)and y > 0, then from P (Y o
1—v2

therefore we must have x > log %
1

2.2.2 Determination of the distribution of the maximum M, in the exponential case

Now we need to derive an expression for M,,, see equation (2.1.33) and notice the following

1+§:P(Tj+ < 0,574 <x)

P(Me, <x) = (1 —11G+1D)
j=1

[ee)

= A= 16, ID[ 1+ ) (T <05 <x)”

j=1

(2.2.7)

Where f7*(x) is the j-fold convolution of the function f(x). Recall that Tj+ = min{j > Tjtl :

S; > 0}and we have noticed in (2.1.33) and (2.2.7) that P(T >j,$; < x) =P(Tj+ <

0, S+ < x) = P(Tfr < o0, ST1+ < x)]*. Therefore in order to determine P(M,, < x) we must
]
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first derive an expression for P(ST1+ <xTi< 00) and then the renewal density U(dx). We

start with

n-1
P(Syr>x, T =n)=P \/Sj <0,5,>x
j=0

n—-1
—E|I \/Sj <0 |PX,>x =S, 1|Fop)| =
j=0

Note that P(X, > x — S,,_1) = P(X,, + Sp,_1 > x) = P(S, > x). From (2.2.5) we recall that

v v
1 —v1x 1 —v1(x—Sn—1)

P(X>x)= (:—j)vl_vz ev1=vz, hence P(X,, > x — Sp_1|Fn_1) = (:—j)vl_vz e vz, and

n—-1 Vq
Vg \ri-v;  “USne)
=E|I §;<0||— e Uiz
) U1
j=0
n-1
—U1X 12 v1_1v2 V15_n—1
= e 2F || §;<0)(— v1=v2 | =
. U1
Jj=0
Y1 vy (-Sp-1)

Note that P(X,, > —S,_1|Fn_1) = (:—2)”1_”2 e vi1vz , sinceS,_; <0, and
1

n—1
—V1X

= eV1—V2F |] S] <0 P(Xn > _Sn—llj:n—l)
=0

J

—V1X
= ev1=2P(T; = n)

So in summary we have, from the above calculations,
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—V1X

P(ST1+ > X, T1+ = n) = evl_VZP(Tf_ = n) (228)

Summing the equation (2.2.8) above over n > 1, and applying equation (2.1.29) we obtain
D P(Syp > % T =n) = P(Syy > %, Tf < o)

n=1

ot —vix
= eTuP(T] < @) = ePi-v2 |Gy |

Then

—V1X

P(Sp <x,Tf < 0) =1 —ev1iv2||G, || (2.2.9)
And

—V1X
P(Sry €dx, T <) =d (1 — e”1—172||G+||)

—V1X

ev1v2||G.|| (2.2.10)

= dx
UV —Vy

The distribution of P (ST]_+ <x, Tj+ < oo) is the j-fold convolution of density P(ST1+ € dx, Tfr <

). See Appendix [A.1] for details.

j* v
P(Sp+ € dx, T <) = dx (v
L

) v —vix\J
=dx||G+||1< L evl—vz) _

1 2
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- j—1
V11X v J

v v—lv evr=vz (v ixv)
= dx||G, || 2—=2 0_1)} 2 x>0 (2.2.11)
and therefore
_ j-1
ST TR
j* VU — U v, =V
Py >xTf <)) = [ 6l Bt
b
oo(v v—lv )j tj_le%t
- ||G+||fj L Ve dt
G—1!
X

F(j’vllilvzx)

ré

=G, I (2.2.12)

We sum the convolution in equation (2.2.11) over j = 1 to obtain the density of the renewal

function

U(dx) = z P(Sry €dx,Tf < oo)j*
j=1
-vx j-1
- v 11117 envz ('U vixv )
—d Z G| LYz 1~ V2
v VX
= dx||G, || ——en-u" 1D S0 (2213)

V1 — 7V

Note that U({0}) = 1, and from (2.2.13) we obtain
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U(0x1) = Y P(Sry € 0,217 <)’ =
j=1

Note that we can now rewrite (2.2.7) asP(M,, < x) = (1 — ||G+||)(1 + U((0, x]))

v it e
1 eVer( lG+1D
U1 — VU,

X
- j dtllG, |
0

=ﬂj(1—ua+u)
0

v UL (1|6, Dt

evi—vz dt

1
V1 — 7V

A —=11G.1D

G V1 q_
|G+l ( ( ||G+||)x) (2.2.14)

e 1 — eUl—Uz
(1 =1G.1D
where
NGl = P(ST1+ < oo, Tf < °°) = P(T; < )

And now to determine the expression for |G, ||. Note that for x < 0

P(ST; <xT; < oo) = j Fx(x — y)U(dy) (2.2.15)
0

With E(X) < 0, and from Asmussen (1987) we have

1= P(Sr- <0,T] <o) =P(T] < o)

_ f Fo (0 — y)U(dy) = Fy(0) + f Fe(—)U(dy) =
0 ot
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S 0 v o S H
= 1= (Z)" 416, f dx——— eI {1 - (2 e—}
1 1~ V2 1
“’gz—i
% 0 v 0
-1— (2)”1—1"2 + "G+” eXdx — (2)”1—1712 e*dx
& =16, e, " (-G, v
ZEa BEZEa
vy v (1=]IG 1D vy —vq||G4|l
—1— (2)”1‘”2 "G+” 1— 2 V1—V2 + Z2\1v2 1— (2 V102
U1 A= lG.1D U1 U1 Uy
(a-11G41D (a-1G641D
=1 (VZ)V;]—le "G+” ”G+" %) = 171—772+ + Uy V1U—1V2 Uy = V1—V2+
21 A—=llaeld @ =1 \vy 21 21
v (1-11G41D)
NG| ( NG|l ) AR
=1t (1 — (—) (2.2.16)
1= lG41D A =164 1D /) \vy
i.e.,
v (1-IG 1))
S (<2 (1 L NGl )(2)—
1= G.1D A =1G4ID/ \vy
or
v v (1-11G41D)
0=lG,lI - (2) "
+ 171
And since 0 < ||G, || < 1, we have
v
Gl == (2.217)
U1
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Now by taking (2.2.7) and applying (2.2.14) and (2.2.17) we have

P(Me, < x) = (1= G, ID(1 + U((0,x]))

172) 1G4 1| ( ! (1—||G+||)x)

=(1-2)[1+——(1-en

(1-3 ( @16, 1D

S By (ﬁ)( e )(1 - eviféz(%)x)
Uy U1/ \V1 — 1y

Therefore

v
P(My, <x) =1 —v—ze-x, x>0 (2.2.18)
1

and

P(Myp >x)=1—-P(My, < x)

—V1X
= 11G, lewi7

A-lG+1D

And thus we have

1%
P(My > x) = v—ze-x, x>0 (2.2.19)
1

2.2.3 Expressions for the X* in the exponential case

Let, v; > v, and consider the random variable
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X" = logﬁ(Y) (2.2.20)
2

Then filling in the exponential probability distribution functions (2.2.1) we get

ve Y v
X* =log (vze—vﬂ> = log (U_z) + log(e~Vi¥tv2Y)

1%
=— logv—z — (v, — )Y (2.2.21q)
1

where Y~Exp(v,). Also note that we can rewrite the above equation (2.2.21a) as

X = 1 (v1)+v1_v2E* 2.2.21b
_Dog (%) (%) ( )

where E*~Exp(1).
Then
[
P(X*>x)=P (— logv—— (v, —vy)Y > x)
1

v —(x+log%)
= P(logv—:+ (v — V)Y < —x) =PlY < o —v2)1

V2 v
vz(x+logv1) ( gv—z)ﬁ VX
=1—e Vi—V2 =1-—e V1 ev1i—V2
172 'Ulv—zvz V2 X v2
—1— (_) ez, x < —log2 (2.2.22)
V1 %1

Then
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V2

v - VaX v
Fy:(x) = P(X* <x) = (—2)"1 " e vz, x < —log— (2.2.23)

V1 V1

And the density function of X*
[ U2 V1U—21Jz _v2X_ U2

() = —=—(= v (x < —1 —) 2.2.24
fie () = 5 (G2) 7 e (x < —log (2:2.24)

Note that the expected value of X* is negative as shown below

V2
—log=2
o) Ogv1 v,
v, A2 YaX
E(X*) = f Xfyx-(x)dx = f x—(—) evi~V2dx
V1 — VU \Ug
—00 —00
%
—log=2
Uy ogvl
Uo\v,—v _VaXx
= (—2) b f X evi~vz2dx =
%1 V1=V
—0o0
v v V11—V
Let u = x —= du=—2-dx dx=-"“2du
V1=V V1=V V2

~1085:(5,75;)

V2
Va\vi-v, V1 — V3
= (—) _ uetdu
U Uy

— 00

_Y2 Vo U
= (2)”1_1}2 u (ueu —_ eu)l_ logv_i(vl_zvz)
V1 ®

U,

_V2 v )
_ (2)1;1_1;2 V1= V2| logﬁ( Uy ) (2)171—172 _ (2)171—172
Uy %) U1 \UV1 —V/ \; %1

Thus we have
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v (%
E(X") =log—= — (—1 - 1) <0 (2.2.25)
v, \v

2

It is easier to work with a reflection of X* to derive the remaining expressions and then revert
those expressions back to X* at the end. Let X™ = —X* and as before let v, > V,. Then note

that the expected value of the reflection will be positive

1% 1% v v
E(X) = —E(X") = — <logv—2— (2- 1)) = —log2+ (2 =1)>0 (2226)
1 2 1 2

The distribution function of X is given below

v

2
Vo\v;—v, P2X v
Fer(x) = P(XD <x) =1- (—2)"1 ez, x> log—= (2.2.27)
vy vy
It then follows that
L VU2 X
v — —22 v
P(X(r) > x) = (_2)171 "2 evi—vz, x> log—2 (2.2.28)
U1 U1

We define Sj(r) in a similar manner to (2.1.15), as a partial sum of X

J
s = in, s{ =0 (2.2.29)
i=1

Then the following probabilities can be determined by applying similar arguments to S as

were applied previouslyto S, n > 1, see (2.2.8)

—VyX
P (5;2)+ > x, 7" = n) = en-up (1" = n) (2.2.30)
1
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Then we sum over n > 1 as before and get the following probability

Since E(X™) >0, S™ drifts to o, the random variable Tl(r)J’is proper, in that P(Tl(r)+ <
00) = 1. Therefore the probability above reduces to just

—U2X

= eVi-v; (2.2.31)

It follows that

—VUpX
P (S;T&H € dx, T\F < 00) =d (1 - evl—VZ)
1

vz —VyX

=dx evi~vz (2.2.32)

U1 —

We also note that

(00 j*
U0 ((x, ) Z (5 > 51" < e0) (22.33)

The j-fold convolution of density in (2.2.32) is as follows

J* v —vax
P (S((T)+ € dx, 7% < 00) = dx( 2 e"l“’Z) =
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—VUyX

j-1
V2 v ( VX )
U — U —

G—1! '

=dx

x>0 (2.2.34)

Then the renewal density based on (2.2.34) above is given by

—VUyX j_1
eUl—Uz (M)

U(r)(dx)z (S((m € dx, T(T)Jr ) dxz 171 - 172 - 11)7'1 —

j=1
Uy

=dx , x>0 (2.2.35)

L S %)
It follows that
VX
UM(0,x]) =—2—, x>0 (2.2.36)
V1 — 7V

Note that U™ ({0}) = 1.

for x € (—00,0]. See Asmussen

Now we need to find a computable expression for ”Gf)

(1987), and recall that E(X) < 0. Then
¢ =D« FO(x)

=p (s((r)_ <x T < oo) (2.2.37)

Letx =0

0

f FO(y)dy =

—00

- v
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0 y

— 00

(U

—ocou

V2

=
U1

Note that from (2.2.26) we know the following

f FO (du)

0 f j dyF® (du)

(2.2.38)

E(X™) =E(XM*) - E(X™7) = —log =2+ (E — 1) >0
U1 [

And
Vo X
E(x™) = j vz & 7 g dx
]
_ 1= (Uz)vl—Vz
B (%) Ve
While

VU2
V1 — VU, [V —
B(r77) = =2 ()7 — (—og 2+
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Thus, repeating the process that resulted in equation (2.2.38) and applying the equation

(2.2.40) above we have

P(si- S0 <o) = P(17" <0 ) = J Fyon(=3)U T (dy)
1 0
v
= Fy(0) + — j Fywn(=y)dy
V1 — 7y
0+
V2
—1_ (2)"1"’2 +—2 E(x®")
VU1 U1 — V2
v, _V2
1 (2)1,1_1,2 + Uy {_ V1 —Vy (2)171—172 n logﬁ _ V1 — Uy
12} L V2 \h Vi vz
Vo (%]
_ _ log—= € (0,1 2.2.41
— ogv1 (0,1) ( )

Now we switch back to working with X*, and utilize the expressions we derived above. For

x>0,

() ()_ — * *
P(STET)_ < —xT"" < oo) - ZP /\(—Sj) >0,-S: <x

n=1 j<n

I
N5

P —/\(—Sj*) <0,S5,=2x|=

1 j<n

S
1l
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=ZP \/S-*SO,S,*{Zx

n=1 j<n

P(Spe 2%, T* =n)

I
s

1

S
I}

=P(Spe 22, <o) (2.2.42)

Hence, letting x = 0 and applying (2.2.41),

1631l = P(T{* < 00) = PS4 > 0,T1* < o0

=p (S(T(l)_ <017 < oo) = P(1{"" < )
Tl

Thus

%) U,
= - loge— € (0,1 2.2.4
6311 = —5—-log* € 01 (2243)

Y2 yyx

Letting x > 0, then applying (2.2.22) P(X*>x)=1-— (:—2)”1_”2 evi—vz, x < —log:—z, and
1 1

Asmussen (1987) it follows that

v
—logv—i
* Va\vi—v 2X v Vo\v,—v 2X
P (ST*+ > X, T1+ < 00) =1- (—2) 172 V1—V2 4 2 j 1-— (_2) 17"z Ul—v2>dy
! 51 V=V, vy
x
v L 2X v v 2X
—1— (_2)171—172 vi-v; 4 (_ lOg— _ X) (1= (_2)171—172 v1-v; | =
V1 V1 —Vy Ve V1
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v, v VX
=— 1og—2 -2 (2.2.44)
17 - vz 1 1.71 - 1.72

Hence, from (2.2.43) and (2.2.44) we obtain
P(S;+ € (0,x],T* <0 ) = P(T{* <00) = P(Spes > 2, Ty+ <0 )

=163l = P (4 > 2, Ti* < o0

%) %) %) %) VyX
=— log——|—
v - vz vl

=X e(o log 2 2.2.45
= ¥ ~log - (2.2.45)

Deriving the expression for the j-fold convolution of P( o+ € (0,x],T;* <o ), which is the

cumulative probability of a random variable that follows a defective uniform distribution, is the

next step. The j-fold convolution of a Uniform distribution on interval (0, b] is given by

(O, x<0
1 (), %) )
Fo,() =57 Z O (T e—kbY,  0<x<jb (2.2.46)
k=0
1, x=jb

Where 7i(n, x) = E] =largest integer less than g See Appendix [A.1] for details.

Lety = ;Cg”Z andj = 1 then

v1

. jlﬁ(]',x) j
e <) () S e () -aae) -
P(ST1*+E(0,x],T1 <oo) =6=%) 7 k_o( 1) (k) x—k 10gv1 _
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j n(jx)
=<_v1”_v210g ) Z(Dk ) G- b)]

= (2.2.47)

vl

=i<_v —vZIOg ) Z( 1)k (y k)]

~.
1l
[y

[ee)

k vy
= Z(—nk <—Mlog2> e<—v 2 logy )M— 1 (2.2.48)

Vv — U v k!
P 1 2 1

X
wherey = TogZ

V1

Let x = oo in equation (2.2.48) above, and in view of equation (2.2.43), we get

—7D logvz
Gl v —v, Py,
U*((0,]) = = 2.2.49
(@) = TG = T4 % 10g (2:249)
V1 — D U1

In addition, we have

U*((x,0)) = U*((0,0))-U*((0,x]) =
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) (&)
__ U ”2 vlv ~U*((0,x]), x>0 (2.2.50)
1+ log 2 —Z
V1=V

And finally the let us define and derive the renewal density function

U*(dx) = u*(y)dy (2.2.51)

U*(dx)

:(_10g2)dy{( —2_log )(U ((0.x]) +1)

U1 V1=V
B < -V, lo 2)2(_1)1. _ vz(y —(i+ 1)) o vy lg(%logi—i) I(y > (i + 1))
V1 — Uy gv1 £ VU — Uy gv1 i!

x
where y = Tgv—z'
51

2.2.4 Determination of the distribution of the maximum M7, in the exponential case

We now need to determine P(M, < x), based on (2.2.48) we have

1+0((0,x]) = Z( 1)( 2(y )logﬁ> e( e )M (2.2.52)

U, Uy

_ X
where y = T2

V1

[ %

j
Thus, recalling (2.1.35) and Z;f‘;lP (TJ*+ < o0, 57*"?‘* < x) = ZﬁlP (57*,1*+ € (0,x], Ty < oo) ,
]

and applying (2.2.43) and (2.2.52) we have
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P(ML <) = (1= IGiD| 1+ ) P(T7* < 0,570 <x)
=1 '

(rrgra) (o)

oo i ,
v v o v,(y—i v =0, 2\ [(y > i
= (1 +—2 logv—2> [2(—1)1(—20’—)10;;_2) N> 1°gv1)¥ (2.2.53)

U1 — Vs U

2.3 Exact computable expressions for the asymptotic distribution of §_, in the

exponential case

We will now derive the exact computable expressions for the asymptotic distribution of &, in
the exponential case, where we have the following underlying distribution, with 7 €

(2,3 ...,n)and v, > v,

fy,v) = {fl(yi' v)) = Exp(v)) =vie™Y, i=1.,1-1 y,=0
’ fo(yi,v2) = Exp(vy) = vpe7", i=1,.1 y;,=0

Recall (2.1.43)

( [oe]
a-1neinl a - f P(M,, > X)P(Si € dx, T~ > k) |,k > 0
0+
P(éw=k) =1 = IGEID@ = IG,1D), k=0
A= 16,10 qu - fP(Mz; > P (Sy € du, T7 > [kl) |,k <0
\ o+
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2.3.1 Determination of P(¢,, = 0)

By applying (2.2.17) ||G, || =¥ and (2.2.43) ||Gill = — 2 1n22 o the above equation
1

V1—V2 Vi

(2.1.43) when k = 0 we obtain

P =0) = (A= [IGEIDA = [IG4|D

vV vV vV
= (1 4+ 2 ln—2> (1 ——2>, k=0  (23.1)
Vi—V2 Vg

Section 2.3.2 Determination of P(§,, = k), k > 0

Jandhyala & Fotopoulos (1999) have worked out the computational procedure for this case
through bounds and approximations. As it turns out their suggested method gives us
approximations for P(&,, = k) that are exact due to identical bounds (upper and lower) for the
maximum of the random walk S. That paper though does not provide the exact distribution of

the maximum, which was found earlier, recall equations (2.2.18) and (2.2.19).

Uy

PMy<x)=1——e™ x>0
%1
_V2
P(My, >x)=—e x>0
U1

We now derive the density of &, from (2.1.43), when k > 0 (applying the existing

computational procedures).

PGn=1) = (1= llG:ID | q; - fP(Moo>x>P(s;:edx,T1->k> k>0
0+
42
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From (2.2.43) we know that (1 — ||G|]) = (1 + —2_]og=2). Next, let us derive a computable
V11—V, g'lil

expression for P(Sy € dx,T;~ > k).
Let
up(dx) = P(S; € dx, Ty~ > k) (2.3.2)

and rewrite the expression from (2.1.43) for k > 0 as

v v v
P(éw=k) = (1 + 2 log—z) qr — f —ze‘xu,’;(dx) k>0 (2.3.3)
V1 =7z U1 o V1

Then

f e Py (dx) = i (1) (2.3.4)

ot

which is the Laplace transform of the sequence {uy(dx): k = 1,2, ...}. Note that the Laplace

transform at A = 1 is just

(1) = 1y, (2.3.5)
Then equation (2.3.3) is simplified to
U2 Uy [
P =10 = (14— tog %) (- ), 25
€3 k) ( +v1—172 ogv1 ar vluk k>0 (2.3.6)

We use the following iterative (Leibnitz) procedure to calculate iy in (2.3.5)
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k-1
niij, = Z by_;ii;, k=1 fig =1 (2.3.7)

where,
bi. = j e™*P(Sy € dx) (2.3.8)
0
Note that
Vi .
P <) = (il g
1 V2
— * e 2 V2 )
=P (Z Ef > ( x — klog 171)1/1 — (2.3.9)
where E/ ~Exp(1)
dP(S; < x) = P(Sy € dx)
V2 V2 V2 o (x+klo v_z) Y2 v,
= dx < (—x - klog—)) e B Jvi=va] (—oo, —klog—)
Vi — V2 \V1 — 7V 12 vy
kv,
— vy \F _ k—1( ﬁ)kq vxzi (2)"1_”2 (_ _ 2)
= dx (Vl —Vz) (-1 x+ klogv1 evi—va o I(—o,—klog o (2.3.10)

Thus from (2.3.8)

by, = f e *P (S}, € dx) =
0
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_ V2

1 klog‘ul 1 w Vo k (%] Vlln—?/z Uy k-1
_(_1y- 1 555 ( )(_) ( kil —) dx =

( ) J F(k) € b Vi — 7V V1 X+ o8 V1 *
0
v
let § = —
U2
. k klogs 1 5—2
~(553) (x — klog &) 1dx

= —-—=e€
(6 — 1)65T of Fek)

k klogs s
1 1 _,(0=2
=—|—F f T x(5—1) (—x + klog ) tdx =
c-vse1) 5 0

letu=—x+klogé

ko
5-2
- — f ﬁe‘<ﬂ><'“"“°g5) W+ du
(5 - 1)5m klogé

nlogé

1 \F O i
- (55-p) J el =

=)

If§ € (1,2),

:i < 0 then

>

. kloga((zs;_f)

— (ﬁ) Of ﬁe‘” (w* 1du

n(2 —6)logd
ky(k’—d—l )

- (5(21— 6)) r(k)
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If§ =2, <= 0then

<k1n2)k1
2 ) k!
5—
Ifé > 2, 8—>0then
k—1-j
1 V| k1 (1) (k5 =210g 5)
- () [055Y Y
5(8 —2) j=0 I'(k—J)

Summing up the above we ultimately obtain the following expression

( k(2—46)logé
. ky(k’ ( 6_)1 8 )
(e o) - 0e2)
~ klog2\" 1
b;g=<< > ) e 9=2 (2.3.11)
k-1-j
( 1 )k 5 3= 2Zk 1(—1)/ ( log6) 1| s
S 5—1 + (=1)*|,6 > 2
6(6 -2) j=0 F(k 1)
\
vy y(a.x) 1=t
where § = and incomplete gamma function —— ) l"(a)f t*” dt

The following iterative procedure is used to calculate g, = P(T;~ > k) in (2.1.42)

k-1
kql = Z by k=1 0 =1 (2.3.12)
j=0

where

bi = P(S; > 0) =
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Then

b = 14 (k’ —k (v1V_2v2) Ing_i)
ke T (k)

where E{~Exp(1) with the incomplete gamma function being

yax) 1 [
M@ _F(a)!t e tdt

and I'(a) is the gamma function as shown below

I'a) = j x*te ¥dx = (a — 1)!
0

2.3.3 Determinationof P(§, = k), k<0

(2.3.13)

We now find a computable expression to determine the exact probabilities for &, equaling

negative values of k. From (2.1.43) we have
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[ee)

PG =K = = 16D g~ [ POME > x0P(Sjq € du Ty > Ikl) |k < 0

ot

We have already calculated ||G..|| = Z—z see (2.2.17) and P(Mj, < x) = (1 o log ){1 +
1

U*((0,x])}, see (2.2.53). Then

PM >x)=1—P(M} < x)

=1—(1+ log ){1+U((0x)}

=1 (1+ 2 ) (1+ 1 )U((O 1)
B V1 —Vy Ogv1 V1 —Vy 08 x

log )U ((0,x]) (2.3.14)

where by (2.2.52)

E—u-0, v, .
U*((0,x]) = Z( 9k ( v2(y = — )log2> e(ﬁlogﬁ> I(y.> 0 _

> 2] i!

_ X
wherey = g2

v1

Let

ug(dx) = P(S, € dx, Ty > k) (2.3.15)
Uy (o) = j up(dx) = P(T{ > k) = qx (2.3.16)
0+
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Now, rewriting the section for k < 0 from equation (2.1.43), and applying (2.2.17) and
(2.3.15) we have

o)

P(e =—k) = (1 — Z—:) qQr — f P(M}, > x)ui(dx) |, k>0 (2.3.17)
0+

We consider just the inner part of (2.3.17) for the moment and apply equations (2.3.13),

(2.3.14) and (2.3.16)

a= [ PO > (@)
0+
[ U2 Uy
=q — j [1 — (1 + log—) {1 + U*((O, x])}] U (dx)
o U1 — VU, Ve
= qy — J uy (dx) + j [(1 + log—) {1+ U*((O,x])}] U (dx)
V1=V U1
o+ o+
U2 Uy ( .
=qr— qx + (1 + log—) f[1 + U ((0, x])]w (ax)
U1 — 7V U1 A
P ) —1 b —vy(y-i) 2\ (v > i
Vi—Vy Vi Vi —Vy \'2] il
ot Li=0
_ va v\ V(D) Joo —v,(y—1), v, (Fral=bogr2) . _
= (1 + — logVI)Z; ) — logVl e\ Vi~Vz Iy > )| up(dx) =
i= 0
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Note:yzﬁ, x=—ylogZ—i and —(y—i)logi—i=—<$gv_1 >log——x+1log—

> i i v . \%
(1 + 1og Z —U f X +ilog— ) evi ZvZ(X“logv_i)I (x
— V3 — V3 V41

[

Applying the above (2.3.18) to (2.3.17), we obtain the following expression for the asymptotic

i
\% V2 (4
x+ilogv—2)> v (Hilos] )]uk(dx) (2.3.18)
1

1logVZ

distribution of £, when k < 0.

Pl =—l) = 12 <1 T Vs logvl>z 1)1

Note that since the g is canceled out and does not appear in the expression above, we do not
need to compute its values here, but for completeness’ sake the necessary expressions for

calculating g are presented below
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k-1
q =1, qu=2bk_jqj, k>0
j=0

k
Vo V1 — 1y
b, =P| klog— EE->0
k ( OgV1+ vy i )

i=1

1 A\

k F(k —k———log==
= > — V1 V2 = L el 2 B £
=P <Zl E; > kv1 _— logV1> 0

=

where E;~Exp(1) andT'(a, x) /T'(a) = fxw t*le~tdt/T(a) is the complement to the

N—

incomplete gamma function.

The only thing that is left is to compute uy (dx). As it turns out, we cannot get one general
computable expression for uy (dx) in (2.3.19), and thus we must first determine u; (x) for

each k = 1, 2, ... individually, using induction, and then calculate the desired u; (dx).
Let
Up(x) = P(Sx > x, Ty > k), x>0 (2.3.20)

be the probability that the first time the random walk S, enters (—o0, 0) is after the K step,
with ladder height at that Kt step being greater than x, and k = 1.For k = 2, and u, (dx) =

P(Sy € dx,T; > k) as defined in (2.3.15) we can obtain the following expression

U

u(dx) =

dx [ﬁk(x) — Up—q (x + logZ—j)] (2.3.21)

1 2
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Thus once we have determined an expression for %, (x), we just need to find the subsequent
differences &, (x) — t_q (x + log :—2) to obtain the needed expressions for u, (dx), k = 2. See
1

Appendix [A.2] for all the expressions and the details on how they were derived, for now we

just show the computations and results for %, (x) and %, (x) as examples.
Let k = 1, then applying (2.2.4) we obtain

U (x) =P(S; >x,T; >1)=P(5;>x)=P(X; > x)

_ emitlx o9 ()] (2.3.22)
and
u, (dx) = dx o 111 > e%[x_log(z_i)] (2.3.23)
Let k = 2, then
U,(x) = e%{x—zwg(z—i)] {1 + p— (x —log %)} (2.3.24)
1~ V2 1
and

v
u,(dx) = dx {ﬁz (x) —uy (x —log —2)}
1~ V2 Uy
__" _ V2
L S G 2“’%1){ V1 <x —log 2)} (2.3.25)
[ ) V1 — 7V U1

52

www.manharaa.com




Now that we have obtained expressions for u; (dx) we can derive the exact probabilities for
P(&é, = —k), k > 0 by applying the above method in (2.3.21) and the expression we obtained
in (2.3.19). The full details of computations of the following probabilities can be found in
Appendix [A.3], we do not show them here directly as the computations, while straightforward,
are quite long. Note that we have computed the exact probabilities for P(¢,, = —k), k =
1,2,...,6, and it is quite possible to continue the calculations beyond that, but for larger values
of k the computations become very tedious and time consuming. Instead we note that
Jandhyala & Fotopoulos (1999) have derived a method to approximate these probabilities, and
it can be seen in Table 3 in Section 2.3.4 that those approximations are quite accurate and once

the values for k get close to 7 the differences become truly minor.

THEOREM 2.1 Let ¢, = 1, — 1, be a random variable with the asymptotic distribution
¢» as both n — t,, and t,, = o, when k < 0 and the underlying process is exponential, with
Y~Exp(v;) before the change at t,, and Y ~Exp(v,) after the change, with v; > v,. Then

following are the expressions for P(¢,, = k) whenk = —1,-2, ..., —6,

Vi

vV v Vo\v,—v
(1) G
V1=V, Vi/\Vy

P =—1) = iz
(12 )
(25 ) G () ()
P(§, = —2) = Vi =V Vi/\Vg ;/1 Vi— V2

Vi1
V2 (E)H—Vz
(1 + V1= V2 \g >
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3, 2 |( 2(1- 1nﬁ)2
Vo Yo\ [V
P(f, =-3) = (1+ In 2)( Z)Vl v vl vz { 1
Vl Vz Vl Vl _ 71
L(l Y2 (V_Z)Vl-Vz>
V1=V \Vg
(~1m32)°
V1
+ v 2
V2 V_Z V1—V2
<1+vl—v2(vl) ) }
(
, s ﬂ(%)?’l 6(1—1n$)3
P(ép = —4) = (1+ 2 ln—2)<—2>v1 e { : 7
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Beyond this point, for k = —7, —8, ... we shall use the approximations from Jandhyala &

Fotopoulos (1999), see pp. 137 section 6.2 exponential distribution. Below is a brief summary of

the expressions used to compute the approximate probabilities.

P(é = —k) =~ e BW{q, —m*ii,} (2.3.26)
where
1) = [ e uy(an)
0
is the Laplace transform of the sequence {u,(dx),k = ...}, same as in (2.3.4). Setting

A =1 we obtain i (1) = .

To calculate i, we use the following iterations
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where

. 52 \"
b, = ( o3 1) P(x%, < 2n(6 + 1)d)

Then

[ee) 1 [ee)
m' =d ) POy < 2008 = D) = 5= > (s < 205 = d)
n=1 n=1

where

-1
§=—2 d = log
vyt —vt §—1
To calculate g we use the following iterations
n—-1

qo = 1! ngqn = zbn_jqj,n >0
j=0

where

b, = P(x%, < 26nd)

And

B(1)

I
[]s
B &

1

S
1l

56

(2.3.27)

(2.3.28)

(2.3.29)

(2.3.30)

(2.3.31)

(2.3.32)

www.manharaa.com



2.3.4 Probability graphs and tables for &,

The following graphs and tables were calculated using the exact probabilities by applying the
expressions derived in section 2.3 for k > —6 and using the approximations calculated applying

the method in (2.3.26) for k < —6. The total probabilities in Tables 1, 2 and 3 were calculated

based on 60 or more values.
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Figure 2.1. The probability distribution function of P(¢,, = k) forv, /v, = 1.5,2,2.5,3,...7.

1.0
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TABLE 2.1
n vy/v,=1.5 vV, =2 v,/v,=3 vV, =4 vi/V,=5 vVi/V,=6

-20 0.0054 0.0025 0.0003 0.0001 0.0000 0.0000
-15 0.0074 0.0044 0.0010 0.0002 0.0001 0.0000
-10 0.0108 0.0085 0.0032 0.0012 0.0005 0.0002
-9 0.0117 0.0099 0.0042 0.0017 0.0008 0.0004
-8 0.0129 0.0116 0.0055 0.0025 0.0012 0.0006
-7 0.0142 0.0136 0.0072 0.0036 0.0019 0.0011
-6 0.0156 0.0164 0.0098 0.0055 0.0032 0.0019
-5 0.0175 0.0198 0.0134 0.0083 0.0053 0.0035
-4 0.0199 0.0244 0.0189 0.0130 0.0091 0.0065
-3 0.0231 0.0311 0.0278 0.0215 0.0165 0.0129
-2 0.0276 0.0416 0.0437 0.0383 0.0327 0.0278
-1 0.0352 0.0614 0.0791 0.0805 0.0773 0.0730
0 0.0630 0.1534 0.3005 0.4034 0.4781 0.5347

1 0.0490 0.1003 0.1538 0.1735 0.1793 0.1790

2 0.0404 0.0726 0.0927 0.0913 0.0845 0.0769
3 0.0345 0.0556 0.0607 0.0531 0.0445 0.0372
4 0.0300 0.0440 0.0419 0.0328 0.0250 0.0193
5 0.0265 0.0358 0.0299 0.0211 0.0147 0.0105
6 0.0236 0.0296 0.0218 0.0139 0.0089 0.0059
7 0.0213 0.0248 0.0163 0.0094 0.0055 0.0034
8 0.0193 0.0210 0.0123 0.0065 0.0035 0.0020
9 0.0176 0.0179 0.0094 0.0045 0.0022 0.0012
10 0.0162 0.0154 0.0073 0.0032 0.0014 0.0007
15 0.0110 0.0079 0.0022 0.0006 0.0002 0.0001
20 0.0080 0.0044 0.0008 0.0001 0.0000 0.0000
Total: 0.99445 0.99996 0.99996 0.99998 0.99999 1.00000

Table 2.1. The probability distribution function of P (¢, = k) for v, /v, = 1.5,2,3,4,5,and 6.
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TABLE 2.2
n vV, =2 vVi/V,=6 vy/v, =10 vy/v, =14 vi/v,=18 vi/v, =22

-20 0.0025 0.0000 0.0000 0.0000 0.0000 0.0000
-15 0.0044 0.0000 0.0000 0.0000 0.0000 0.0000
-10 0.0085 0.0002 0.0000 0.0000 0.0000 0.0000
-9 0.0099 0.0004 0.0000 0.0000 0.0000 0.0000
-8 0.0116 0.0006 0.0001 0.0000 0.0000 0.0000
-7 0.0136 0.0011 0.0002 0.0000 0.0000 0.0000
-6 0.0164 0.0019 0.0004 0.0001 0.0000 0.0000
-5 0.0198 0.0035 0.0009 0.0003 0.0001 0.0001
-4 0.0244 0.0065 0.0022 0.0010 0.0005 0.0003
-3 0.0311 0.0129 0.0056 0.0030 0.0018 0.0012
-2 0.0416 0.0278 0.0161 0.0105 0.0075 0.0056
-1 0.0614 0.0730 0.0571 0.0463 0.0388 0.0334
0 0.1534 0.5347 0.6697 0.7401 0.7839 0.8140
1 0.1003 0.1790 0.1617 0.1429 0.1275 0.1151
2 0.0726 0.0769 0.0525 0.0380 0.0290 0.0230
3 0.0556 0.0372 0.0195 0.0117 0.0076 0.0053
4 0.0440 0.0193 0.0078 0.0039 0.0022 0.0014
5 0.0358 0.0105 0.0033 0.0014 0.0007 0.0004
6 0.0296 0.0059 0.0015 0.0005 0.0002 0.0001
7 0.0248 0.0034 0.0007 0.0002 0.0001 0.0000
8 0.0210 0.0020 0.0003 0.0001 0.0000 0.0000
9 0.0179 0.0012 0.0001 0.0000 0.0000 0.0000
10 0.0154 0.0007 0.0001 0.0000 0.0000 0.0000
15 0.0079 0.0001 0.0000 0.0000 0.0000 0.0000
20 0.0044 0.0000 0.0000 0.0000 0.0000 0.0000

Total: 0.99996 1.00000 1.00000 1.00000 1.00000 1.00000

Table 2.2. The probability distribution function of P(¢,, = k) for v, /v, = 2,6,10, 14,18, 22.
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TABLE 2.3.

v,/v,=1.5 vy/v,=3 v,/V,=6 vy/v,=10 v/v, =20

n exact approx exact approx exact approx exact approx exact approx
-20 0.00540 0.00034 0.00000 0.00000 0.00000
-15 0.00741 0.00099 0.00002 0.00000 0.00000
-10 0.01078 0.00323 0.00022 0.00002 0.00000
-9 0.01174 0.00418 0.00037 0.00004 0.00000
-8 0.01286 0.00546 0.00063 0.00008 0.00000
-7 0.01417 0.00722 0.00109 0.00017 0.00001
-6 0.01565 0.01573 0.00980 0.00971 0.00194 0.00191 0.00040 0.00039 0.00003 0.00003
-5 0.01753 0.01764 0.01339 0.01332 0.00347 0.00344 0.00091 0.00090 0.00011 0.00010
-4 0.01992 0.02004 0.01890 0.01877 0.00650 0.00642 0.00220 0.00216 0.00038 0.00037
-3 0.02308 0.02319 0.02779 0.02753 0.01286 0.01267 0.00564 0.00554 0.00148 0.00145
-2 0.02759 0.02764 0.04373 0.04308 0.02785 0.02729 0.01609 0.01573 0.00643 0.00628
-1 0.03518 0.03485 0.07912 0.07676 0.07303 0.07057 0.05713 0.05517 0.03589 0.03474

0 0.06302 0.30046 0.53471 0.66974 0.80021

1 0.04902 0.15383 0.17902 0.16171 0.12099

2 0.04044 0.09267 0.07687 0.05250 0.02572

3 0.03446 0.06072 0.03719 0.01953 0.00635

4 0.02998 0.04186 0.01928 0.00785 0.00171

5 0.02648 0.02986 0.01046 0.00332 0.00048

10 0.01615 0.00728 0.00070 0.00007 0.00000

15 0.01103 0.00222 0.00006 0.00000 0.00000

20 0.00798 0.00076 0.00001 0.00000 0.00000

Total: 0.99445 0.99996 1.00000 1.00000 1.00000

Table 2.3. The probability distribution function of P(¢,, = k) comparing the exact and approximate values for
k=-1,-2,..—6.
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2.4 Change-point analysis of earthquake frequency data from the Sumatra,

West Indonesia area

2.4.1 Introduction

One of the more promising approaches to understanding earthquake mechanics is the study of

stress/strain changes and how they affect the frequency and distribution of earthquakes.

Seismic waves, for example from a manmade event or a distant earthquake, may stress an
existing fault making it more unstable and hasten the occurrence of the next earthquake, in
literature this is referred to as dynamic triggering. Iwata and Nakanishi (2004) tested a
hypothesis to see if such dynamic triggering occurs by looking at intervals between the time of
the passage of a seismic wave and the origin time of the earthquake immediately following it
They compared those intervals to time intervals between random earthquakes, ones not
affected by seismic waves. The data used in their hypothesis test was obtained from
Matsushiro, Nagano Prefecture, central Japan. In the end, they found a statistically significant
decrease in the time intervals observed after a seismic wave, and concluded that further

studies of dynamic triggering should focus on analyzing such time intervals.

In addition, multiple researchers, as mentioned by Iwata and Nakanishi (2004), have claimed
that stress changes accelerate the occurrence of the subsequent earthquakes. It has also been
suggested in literature that after a large stress/strain change an increase in seismicity occurs

within a few days and the larger the change the larger the degree of the dynamic triggering.
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The data we chose to utilize in the following analysis, see Figure 2.3, Table 2.4, and Figure 2.4
below, was obtained from the International Seismological Centre On-line Bulletin and consists
of 151 time intervals between earthquakes observed between January 1° 2004 and March 22™
2005, measured in hours, between earthquake occurrences at 50 to 500 km depth around the
Sumatra, West Indonesia region as defined by latitude of —6° to 6° and longitude of 94° to
107°. The great Sumatra-Andaman (Aceh-Andaman) earthquake, of magnitude 9.1, occurred
on December 26th, 2004 (at 00:58 at 3.30° latitude and 95.78° longitude), thus we would like
to see if, as claimed in previous research on dynamic triggering, we would observe shortened
periods between subsequent earthquakes in the region due to elevated stress. In other words,
is there a change in the distribution of the time intervals, and when did the change occur if
there was one. Another possible approach to studying dynamic triggering is to analyze the data
first and subsequently check for possible causes of a change in the length of time intervals
between events. This type of approach may be useful to help identify seismic events that are
hard to detect otherwise (for example if seismic monitors do not exist in or data are not

available from a certain region).

Having statistical evidence that there is in fact a change in the time intervals between
earthquakes following a major seismic event, and when that change occurred (utilizing
confidence intervals), furthers the study of seismology and allows for better assessment of the
expected seismic activity in the area of interest. Further studies may also consider the effects of

magnitude and distance of the triggering event on the time and degree of change.
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Figure 2.3.

Time series of the 151 time intervals (in hours) between earthquakes.
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TABLE 2.4

Date Time Hours Date Time Hours Date Time Hours
2-Jan-04 15:05:45 51 5-Jul-04 22:15:09 9.80 102 28-Dec-04 11:17:44 16.24
1 5-Jan-04 18:59:17 75.89 52 8-Jul-04 17:41:53 67.45 103 28-Dec-04 14:30:42 3.22
2 5-Jan-04 22:24:17 3.42 53 14-Jul-04 11:49:44 138.13 104 29-Dec-04 7:52:52 17.37
3 12-Jan-04 9:46:38 155.37 54 14-Jul-04 18:25:05 6.59 105 31-Dec-04 10:58:25 51.09
4 16-Jan-04 16:22:55 102.60 55 15-Jul-04 12:39:09 18.23 106 31-Dec-04 19:03:39 8.09
5 17-Jan-04 18:44:27 26.36 56 25-Jul-04 11:30:35 238.86 107 5-Jan-05 14:34:33 115.52
6 25-Jan-04 1:00:08 174.26 57 28-Jul-04 11:09:37 71.65 108 6-Jan-05 0:56:29 10.37
7 2-Feb-04 22:12:53 213.21 58 1-Aug-04 23:10:44 108.02 109 7-Jan-05 15:35:02 38.64
8 14-Feb-04 16:40:54 282.47 59 3-Aug-04 5:27:19 30.28 110 7-Jan-05 17:33:25 1.97
9 21-Feb-04 0:36:10 151.92 60 8-Aug-04 12:17:49 126.84 111 8-Jan-05 20:12:59 26.66
10 22-Feb-04 6:46:27 30.17 61 16-Aug-04 6:03:50 185.77 112 9-Jan-05 13:15:53 17.05
11 24-Feb-04 20:20:15 61.56 62 19-Aug-04 11:32:08 77.47 113 10-Jan-05 5:40:15 16.41
12 25-Feb-04 16:29:40 20.16 63 21-Aug-04 8:00:29 44.47 114 12-Jan-05 13:58:19 56.30
13 27-Feb-04 12:47:47 44.30 64 22-Aug-04 6:43:08 22,71 115 13-Jan-05 8:52:44 18.91
14 10-Mar-04 17:03:34 292.26 65 22-Aug-04 20:53:12 14.17 116 14-Jan-05 17:08:35 32.26
15 14-Mar-04 14:06:19 93.05 66 26-Aug-04 19:44:51 94.86 117 16-Jan-05 0:54:25 31.76
16 18-Mar-04 8:10:53 90.08 67 30-Aug-04 5:55:18 82.17 118 16-Jan-05 22:57:40 22.05
17 23-Mar-04 1:43:20 113.54 68 6-Sep-04 16:01:15 178.10 119 16-Jan-05 22:58:23 0.01
18 23-Mar-04 4:29:46 2.77 69 7-Sep-04 3:23:01 11.36 120 18-Jan-05 10:51:31 35.89
19 26-Mar-04 19:50:41 87.35 70 7-Sep-04 11:12:33 7.83 121 19-Jan-05 21:24:27 34.55
20 4-Apr-04 19:09:21 215.31 71 9-Sep-04 1:41:25 38.48 122 20-Jan-05 22:47:22 25.38
21 5-Apr-04 2:17:09 7.13 72 9-Sep-04 13:34:18 11.88 123 21-Jan-05 18:55:56 20.14
22 8-Apr-04 6:08:46 75.86 73 16-Sep-04 19:56:37 174.37 124 22-Jan-05 2:24:14 7.47
23 9-Apr-04 1:55:48 19.78 74 25-Sep-04 21:21:03 217.41 125 24-Jan-05 17:59:22 63.59
24 11-Apr-04 5:34:44 51.65 75 29-Sep-04 9:51:53 84.51 126 25-Jan-05 9:54:23 15.92
25 13-Apr-04 13:22:00 55.79 76 30-Sep-04 15:25:19 29.56 127 27-Jan-05 23:05:03 61.18
26 25-Apr-04 1:57:22 276.59 77 5-Oct-04 21:29:43 126.07 128 6-Feb-05 15:50:47 232.76
27 25-Apr-04 11:24:04 9.45 78 9-Oct-04 8:17:06 82.79 129 10-Feb-05 19:17:55 99.45
28 27-Apr-04 5:06:42 41.71 79 28-Oct-04 8:21:52 456.08 130 13-Feb-05 1:22:08 54.07
29 29-Apr-04 7:22:06 50.26 80 31-Oct-04 13:26:27 77.08 131 14-Feb-05 15:46:22 38.40
30 29-Apr-04 9:50:35 2.47 81 4-Nov-04 2:40:24 85.23 132 14-Feb-05 17:06:52 1.34
31 30-Apr-04 6:08:10 20.29 82 6-Nov-04 17:33:48 62.89 133 16-Feb-05 0:25:22 31.31
32 8-May-04 9:26:35 195.31 83 10-Nov-04 14:56:57 93.39 134 17-Feb-05 5:31:27 29.10
33 8-May-04 13:25:30 3.98 84 12-Nov-04 12:19:01 45.37 135 17-Feb-05 10:57:58 5.44
34 9-May-04 13:05:04 23.66 85 16-Nov-04 13:58:29 97.66 136 18-Feb-05 18:07:04 31.15
35 11-May-04 19:34:22 54.49 86 5-Dec-04 19:41:43 461.72 137 19-Feb-05 17:02:15 22.92
36 23-May-04 13:09:42 281.59 87 11-Dec-04 12:15:57 136.57 138 21-Feb-05 23:19:37 54.29
37 26-May-04 17:53:42 76.73 88 11-Dec-04 16:28:09 4.20 139 22-Feb-05 0:10:10 0.84
38 27-May-04 1:25:48 7.54 89 11-Dec-04 16:45:27 0.29 140 26-Feb-05 6:52:52 102.71
39 1-Jun-04 19:49:12 138.39 90 13-Dec-04 18:52:04 50.11 141 26-Feb-05 13:27:14 6.57
40 4-Jun-04 10:54:22 63.09 91 16-Dec-04 18:18:14 71.44 142 4-Mar-05 11:07:42 141.67
41 6-Jun-04 14:50:28 51.94 92 20-Dec-04 2:05:52 79.79 143 6-Mar-05 23:36:10 60.47
42 12-Jun-04 3:03:18 132.21 93 26-Dec-04 3:51:13 145.76 144 8-Mar-05 3:51:49 28.26
43 13-Jun-04 0:42:02 21.65 94 26-Dec-04 8:47:45 494 145 8-Mar-05 6:22:36 2.51
44 13-Jun-04 7:59:45 7.30 95 26-Dec-04 12:18:52 3.52 146 12-Mar-05 22:33:12 112.18
45 13-Jun-04 14:05:10 6.09 96 26-Dec-04 20:14:49 7.93 147 13-Mar-05 22:12:44 23.66
46 14-Jun-04 22:26:49 32.36 97 26-Dec-04 22:14:03 1.99 148 14-Mar-05 9:37:06 11.41
47 26-Jun-04 23:12:51 288.77 98 27-Dec-04 1:22:23 3.14 149 17-Mar-05 23:20:47 85.73
48 30-Jun-04 7:38:05 80.42 99 27-Dec-04 4:06:14 2.73 150 20-Mar-05 8:08:41 56.80
49 2-Jul-04 23:31:36 63.89 100 27-Dec-04 11:19:48 7.23 151 22-Mar-05 10:03:58 49.92
50 5-Jul-04 12:26:59 60.92 101 27-Dec-04 19:03:21 7.73

Table 2.4. Time series of the 151 time intervals (in hours) between earthquakes. Date and Time
indicate the time of detected earthquake. Hours indicates the time between the preceding

earthquake and the current one.
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Figure 2.4. Topographic map of Sumatra, West Indonesia. Our region of study is defined by

latitude of 6° N to 6° S and longitude of 94° E to 107° E.
2.4.2 Analysis of earthquake data

We will now conduct a change-point analysis of the earthquake interval data presented in Table
2.4 above. We begin with detection, in other words, do we have evidence that a change-point
exists in the distribution of the data? If we conclude that a change-point exists we will apply

estimation methodology to determine the asymptotic distribution of the change-point

maximum likelihood estimate.
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We start with 151 observations Y;,Y,, ..., Y;51, representing the time interval in hours between
the i and (i—1)%, i=1,2,..,151 observed earthquake, that we assume to be
independent. Our null hypothesis is that there is no change in the distribution of the
observations, while the alternative hypothesis is that a change in distribution has occurred at
some unknown point in time, which we «call 7,, so that Y;,Y;,..,Y; _;~f; and
Yo . Yo 41, .., Yisi~f2. We assume that the data is exponential with Y;~Exp(v;), thus we can

write out the hypotheses as follows
HO: vl = ecee = 'Un VsS. Hl: ‘Ul — T v‘[n—l * an — eee — vn

We then take the likelihood approach to hypothesis testing and calculate the likelihood ratio
statistic U,,, its asymptotic theory is presented in Csérgd & Horvath (1997), see Appendix [A.4]
for details. It should be noted that asymptotic theory of the likelihood ratio statistic U,, is quite

robust to departures from the assumptions of both exponentiality and independence. Thus let

U, = max (—2logA;)

1<t<n
where —2logA; = 2{klog ¥ + (n — k) log ¥{ —nlog¥,} and % = % ?=1Yilﬁlt = % LY,
andﬁi* = ﬁ " +1Y:. See Figure 2.5 for a graph of the —2log A;. Therefore if U, is large we
s

will reject the null hypothesis and conclude that the change-point occurs at t+ 1, i.e.,
T =1t + 1. From Csorgd and Horvath (1997) we know that the asymptotic distribution of the

test statistic is as follows
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d d —w
P {W < (2loglognU,)? — (2 loglogn + Elog loglogn —logT (—)) = W} ~e~2¢

2

For the earthquake data, with d= 1 and n = 151, we obtain the following: U,, = 29.22, w =

6.817 and 7 = 94. Then we calculate the p-value and obtain the following result

P(W > 6.817} + P(W < —6.817} = (1 —e™2¢""") + ¢72¢**"" = 0.00219

Now that we have strong evidence, due to the very small p-value, that there is a change in the

parameter of the underlying exponential distribution at an unknown change-point t,, which we

estimate to be 94, we should test the underlying assumptions of independence and

exponentiality before proceeding with determining the asymptotic distribution of the change-

point mle.
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Figure 2.5. Plot of —2 log A, of the earthquake dataset.
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We validate the assumption of independence by generating autocorrelation and partial
autocorrelation plots of the standardized data, taking into account the different rates before
and after the change and checking for significant lags. As you can see in Figures 2.6 and 2.7
below, none of the lags are significant, thus we can conclude that the assumption of
independence is not violated. To check for exponentiality we utilize the Anderson-Darling
goodness of fit test which we apply to the data before the change-point, and then to the data
after the change-point. As you can see in Figure 2.8 the p-values are 0.726 and 0.320 signifying

that the assumption of exponentiality was not violated.

We are able to assume that the two parameter estimates are true parameter values,
¥; =v; =0.0108 and 7, = v, =0.0280 since Hinkley (1972) showed the asymptotic
distribution of the change-point maximum likelihood estimate will not be affected if we use
estimates rather than the unknown parameters in our calculations. We note that unlike the
previous sections of the chapter where we assumed v; > v, in this case we have v; < v,, so
we need to reverse the time series so that 7; = 0.0280 > ¥, = 0.0108 obtaining a ratio of
2.592 to use with the expressions we have derived previously, then we can compute the
distribution of &, based on sub chapter 2.3 and (2.1.43). Once we have done the computations
we can work out a 95% confidence interval for the true change-point t,,, this turns out to cover
points {80, 81, ...,104} and corresponds to the interval from October 31%, 2004 13:26 through
December 29th, 2004 7:53, with the mle estimate corresponding to December 26th, 2004 8:47.

See Table 2.5 below for probabilities and corresponding dates and times.
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Autocorrelation Function for standardized obs.
(with 5% significance limits for the autocorrelations)
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Figure 2.6. Autocorrelation for the standardized dataset.

Partial Autocorrelation Function for standardized obs.
(with 5% significance limits for the partial autocorrelations)
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Figure 2.7. Partial Autocorrelation for the standardized dataset.
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Probability Plot of data before change, data after change
Exponential - 95% CI
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Figure 2.8. Exponential probability plot for data before and after change. Anderson-Darling

statistics are 0.355 and 0.646 respectively. The p-values are 0.726 and 0.320 respectively.
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95% confidence interval and P(é..= n) for v,/v; = 2.592.

TABLE 2.5.

n prob. index day time
-14 0.0046 80 10/31/04 13:26
-13 0.0056 81 11/04/04 2:40
-12 0.0068 82 11/06/04 17:33
-11 0.0083 83 11/10/04 14:56
-10 0.0102 84 11/12/04 12:19

-9 0.0126 85 11/16/04 13:58

-8 0.0158 86 12/05/04 19:41

-7 0.0200 87 12/11/04 12:15

-6 0.0257 88 12/11/04 16:28

-5 0.0335 89 12/11/04 16:45

-4 0.0448 90 12/13/04 18:52

-3 0.0617 91 12/16/04 18:18

-2 0.0889 92 12/20/04 2:05

-1 0.1380 93 12/26/04 3:51

0 0.2468 94 12/26/04 8:47

1 0.0752 95 12/26/04 12:18

2 0.0447 96 12/26/04 20:14

3 0.0302 97 12/26/04 22:14

4 0.0217 98 12/27/04 1:22

5 0.0161 99 12/27/04 4:06

6 0.0124 100 12/27/04 11:19

7 0.0096 101 12/27/04 19:03

8 0.0076 102 12/28/04 11:17

9 0.0060 103 12/28/04 14:30

10 0.0049 104 12/29/04 7:52

Table 2.5. Probabilities and corresponding dates and times for v,/v; = 2.592.

In conclusion, the Sumatra-Andaman earthquake, of magnitude 9.1, occurred on December

26th, 2004 at 00:58 and our point estimate for the change-point corresponds to December 26th,

2004 8:47, in addition the 95% confidence interval for the true change-point clearly includes

the time and date of the occurrence of the great Sumatra-Andaman earthquake. Thus we can

conclude that we do in fact have evidence that dynamic triggering has occurred due to seismic
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waves from the event increasing stress changes and shortening the periods between
occurrences of the subsequent earthquakes as shown by the change in the estimated rate from

0.0280 to 0.0108.

2.5 Simulations

In this section we investigate, through simulations, the accuracy of the asymptotic distribution
we have calculated earlier for varying sample sizes n, amounts of change v,/v,, and true
change-point location 7. In addition we look at the conditional distribution of the change-point
mle proposed by Cobb (1978) and compare it to the unconditional distribution we have derived

in section 2.3.

We chose the following sample sizes and corresponding change-points for our simulations,

Sample sizes (n) Change-points (1)

500 250

200 100

100 10, 20, 30, 40, 50, 60, 70, 80, 90
60 10, 20, 30, 50

40 10, 20, 30

for each we consider v;/v, = 2,3,6,10,14,18,and 22. Tables 2.6 through 2.11 show a
detailed comparison of the simulated and theoretical results for v,/v, = 2,6,and 14 for
k = —20,...,4+20. Table 2.12 shows the Bias and MSE values calculated for selected values of n
and 7 with varying amounts of change v;/v,. We find that the Bias is near zero in all cases

when v;/v, > 3 and also when we consider large sample sizes (n) and the change-point 7 is
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located near the middle of the dataset regardless of the size of change v, /v,. It is interesting to
note that in the cases of small changes (i.e., v; /v, < 6) the Bias, when the change-point occurs
close to the start of the dataset, is always larger than the Bias when 7 is closer to the end of the
dataset. For example, when v; /v, = 2 and n = 100 the mle Bias for T = 10 is 1.328 while the
Bias for T = 90 is -2.092. We also note that (when v; /v, is small) Bias is positive when the
change 1 occurs early and negative when 7 occurs late, this is most likely due to the asymmetry
of the distribution. In general, as sample size decreases Bias becomes smaller when the change
occurs early or late and larger when the change occurs towards the center of the data.
Therefore, Bias is not a significant issue when v, /v, is greater than 3, the sample size is large,

or if the sample size is small the change-point is not near the center of the data series.

We also note that as long as n is large (i.e., n > 100) or v, /v, is at least 6 the mle MSE values
are very close to the theoretical MSE values. For small changes (i.e., v;/v, < 6) the MSE
becomes smaller, less than the theoretical value, as sample size decreases or as the change-
point location moves further away from the center of the data series. It is of note that the MSE
value is smaller if the change-point is at the upper end of the data series than if it is at the lower
end. For example, when v, /v, = 2 and n = 100 the mle MSE for 7 = 10 is 70.293 while the
MSE for T = 90 is 50.839. As before, this is probably due to the asymmetry of the distribution

of the mle.

Our derived distribution, based on Hinkley (1970, 1972), depends strictly on the parameters of

the underlying distribution. In his paper Cobb (1978) suggests taking Hinkley’s approach and
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then conditioning on a sufficient number of data values to either side of the change-point mle.

His conditional solution is as follows

Pt -t =kl|Xs(1) =y) = P(t — T = k|V3_541, > Yo48)

1)
=pa(V;E+0)/)  plViE )

See Cobb (1978) for the method of choosing § and details of the distribution, the error rate,

and its calculation. Note that we must have k € {6, ..., §}.

From Tables 2.6 — 2.11 we see that the simulated distribution of the mle clearly matches the
theoretical distribution, regardless of the amount of change, sample size, or change-point
location. The only thing of note is that the simulated mle probabilities tend to be a bit larger
than the theoretical probabilities when the change-point is very far away from the center of the

data series and the amount of change is small (v, /v, = 2).

Tables 2.13 — 2.16 and Figures 2.9 (a)-(f) and 2.10 (a)-(f) compare the theoretical and simulated
(conditional and unconditional) distribution of the mle for v, /v, = 2, 6, 10, 14, 18 and 22, when
n =40, 200 and 7 =10, 20, 30, 100. (In all our calculations of the conditional distribution of the
mle we try to get an error rate that is as close to 10~ as possible, but in many cases, especially
when sample size is small, the smallest error rate we can obtain is 10™). As we can see, the
theoretical distribution and the simulated unconditional distribution closely match and both are
asymmetric, regardless of the amount of change, sample size, and change-point location. The

only time the simulated distribution of the mle is not a near perfect match is when the sample
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size and amount of change are small and the change-point is close to the edge of the dataset,
see Figure 2.10 (a). The simulated conditional distribution of the mle is more symmetric and
flatter than the theoretical distribution. Thus we can conclude that the unconditional

distribution of the mle outperforms the conditional distribution of the mle in all the cases we

have considered.
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TABLE 2.6 vy/v,=2
Comparison of theoretical and simulated results for changes in the true change-point (t) location.
n =100

k Theor. t1=10 t=20 1=30 Tt=40 +t=50 71=60 <t=70 t1=80 T1=90
-20 0.0025 0.0000 0.0000 0.0029 0.0024 0.0026 0.0029 0.0026 0.0022 0.0023
-15 0.0044 0.0000 0.0051 0.0048 0.0040 0.0043 0.0044 0.0047 0.0043 0.0048
-10 0.0085 0.0000 0.0088 0.0086 0.0083 0.0088 0.0084 0.0086 0.0085 0.0089
-9 0.0099 0.0191 0.0100 0.0105 0.0097 0.0103 0.0104 0.0100 0.0112 0.0112
-8 0.0116 0.0182 0.0133 0.0122 0.0125 0.0119 0.0114 0.0111 0.0111 0.0122
-7 0.0136 0.0185 0.0148 0.0138 0.0128 0.0139 0.0139 0.0138 0.0138 0.0151
-6 0.0164 0.0194 0.0176 0.0170 0.0155 0.0172 0.0162 0.0164 0.0166 0.0175
-5 0.0198 0.0243 0.0206 0.0192 0.0215 0.0209 0.0199 0.0200 0.0191 0.0212
-4 0.0244 0.0281 0.0250 0.0245 0.0242 0.0243 0.0249 0.0253 0.0252 0.0255
-3 0.0311 0.0344 0.0320 0.0308 0.0308 0.0303 0.0302 0.0319 0.0302 0.0329
-2 0.0416 0.0440 0.0419 0.0423 0.0426 0.0410 0.0413 0.0431 0.0424 0.0460
-1 0.0614 0.0690 0.0598 0.0612 0.0638 0.0619 0.0626 0.0605 0.0637 0.0647
0.1534 0.1657 0.1549 0.1554 0.1533 0.1525 0.1543 0.1540 0.1561 0.1673
0.1003 0.1063 0.1030 0.1001 0.1010 0.1002 0.0995 0.1027 0.1004 0.1078
0.0726 0.0767 0.0760 0.0736 0.0738 0.0735 0.0741 0.0731 0.0740 0.0796
0.0556 0.0591 0.0591 0.0567 0.0558 0.0557 0.0562 0.0549 0.0570 0.0622
0.0440 0.0460 0.0442 0.0449 0.0446 0.0428 0.0425 0.0445 0.0467 0.0492
0.0358 0.0370 0.0364 0.0352 0.0369 0.0359 0.0363 0.0354 0.0362 0.0447
0.0296 0.0302 0.0300 0.0295 0.0296 0.0293 0.0301 0.0303 0.0307 0.0376
0.0248 0.0256 0.0248 0.0273 0.0238 0.0252 0.0245 0.0248 0.0263 0.0358
0.0210 0.0210 0.0204 0.0211 0.0207 0.0214 0.0198 0.0205 0.0219 0.0335
0.0179 0.0178 0.0176 0.0169 0.0179 0.0188 0.0173 0.0183 0.0185 0.0560
0.0154 0.0150 0.0157 0.0148 0.0161 0.0149 0.0158 0.0151 0.0172 0.0000
0.0079 0.0081 0.0081 0.0075 0.0074 0.0083 0.0075 0.0078 0.0097 0.0000
0.0044 0.0045 0.0040 0.0045 0.0041 0.0042 0.0044 0.0047 0.0000 0.0000

O 00 NO ULl »H W IN L O

N R
o U1 O

Table 2.6. Comparison of theoretical and simulated distribution of the mle, when the true

change-point (t) location changes for vy/v, = 2.
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TABLE 2.7 vi/v,=6
Comparison of theoretical and simulated results for changes in change-point (t) location.
n =100

k Theor. 1=10 7t=20 7tv=30 T1=40 <t=50 7t1=60 Tt1=70 7tT=80 71=90
-20 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-15 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001
-10 0.0002 0.0000 0.0003 0.0003 0.0003 0.0002 0.0002 0.0002 0.0001 0.0003
-9 0.0004 0.0006 0.0002 0.0005 0.0004 0.0003 0.0003 0.0003 0.0003 0.0004
-8 0.0006 0.0007 0.0005 0.0007 0.0008 0.0006 0.0006 0.0007 0.0006 0.0006
-7 0.0011 0.0011 0.0011 0.0013 0.0011 0.0012 0.0011 0.0010 0.0011 0.0007
-6 0.0019 0.0019 0.0020 0.0021 0.0017 0.0016 0.0019 0.0015 0.0024 0.0021
-5 0.0035 0.0034 0.0040 0.0034 0.0038 0.0038 0.0028 0.0035 0.0032 0.0032
-4 0.0065 0.0068 0.0064 0.0060 0.0067 0.0067 0.0066 0.0066 0.0065 0.0064
-3 0.0129 0.0134 0.0132 0.0121 0.0132 0.0119 0.0126 0.0128 0.0127 0.0129
-2 0.0278 0.0280 0.0280 0.0282 0.0282 0.0281 0.0277 0.0287 0.0290 0.0278
-1 0.0730 0.0746 0.0711 0.0727 0.0730 0.0755 0.0730 0.0747 0.0730 0.0738
0.5347 0.5335 0.5353 0.5352 0.5340 0.5321 0.5362 0.5352 0.5362 0.5340
0.1790 0.1773 0.1794 0.1810 0.1782 0.1802 0.1789 0.1770 0.1771 0.1818
0.0769 0.0781 0.0764 0.0758 0.0771 0.0758 0.0733 0.0765 0.0778 0.0761
0.0372 0.0374 0.0369 0.0369 0.0369 0.0367 0.0397 0.0358 0.0364 0.0371
0.0193 0.0191 0.0201 0.0191 0.0197 0.0196 0.0204 0.0193 0.0191 0.0193
0.0105 0.0099 0.0113 0.0096 0.0104 0.0113 0.0104 0.0103 0.0101 0.0100
0.0059 0.0061 0.0062 0.0063 0.0056 0.0054 0.0053 0.0064 0.0060 0.0060
0.0034 0.0036 0.0028 0.0032 0.0038 0.0035 0.0035 0.0033 0.0032 0.0036
0.0020 0.0018 0.0017 0.0021 0.0021 0.0018 0.0021 0.0024 0.0018 0.0020
0.0012 0.0012 0.0010 0.0012 0.0013 0.0014 0.0012 0.0013 0.0013 0.0017
0.0007 0.0007 0.0007 0.0010 0.0006 0.0007 0.0008 0.0007 0.0006 0.0000
0.0001 0.0000 0.0001 0.0001 0.0000 0.0001 0.0000 0.0001 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

O 0o NO Ul b WN L O
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Table 2.7 Comparison of theoretical and simulated distribution of the mle, when the true

change-point (t) location changes for v,/v, = 6.
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TABLE 2.8 vi/v, =14
Comparison of theoretical and simulated results for changes in change-point (t) location.
n =100
k Theor. 1=10 7t=20 7tv=30 T1=40 <t=50 7t1=60 Tt1=70 7tT=80 71=90

-20 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-15 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-7 0.0000 0.0001 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000 0.0001
-6 0.0001 0.0000 0.0001 0.0001 0.0002 0.0001 0.0002 0.0001 0.0001 0.0001
-5 0.0003 0.0002 0.0005 0.0005 0.0002 0.0005 0.0003 0.0003 0.0004 0.0006
-4 0.0010 0.0009 0.0009 0.0012 0.0011 0.0010 0.0010 0.0009 0.0010 0.0009
-3 0.0030 0.0029 0.0030 0.0031 0.0030 0.0027 0.0031 0.0031 0.0031 0.0028
-2 0.0105 0.0107 0.0110 0.0103 0.0106 0.0106 0.0111 0.0104 0.0110 0.0111
-1 0.0463 0.0450 0.0468 0.0442 0.0468 0.0469 0.0452 0.0464 0.0460 0.0461
0.7401 0.7398 0.7398 0.7422 0.7395 0.7391 0.7425 0.7379 0.7403 0.7415
0.1429 0.1444 0.1436 0.1434 0.1427 0.1439 0.1418 0.1438 0.1414 0.1430
0.0380 0.0383 0.0367 0.0385 0.0387 0.0374 0.0375 0.0394 0.0384 0.0365
0.0117 0.0115 0.0119 0.0112 0.0109 0.0121 0.0118 0.0118 0.0123 0.0112
0.0039 0.0039 0.0038 0.0033 0.0043 0.0036 0.0034 0.0039 0.0038 0.0038
0.0014 0.0014 0.0012 0.0015 0.0012 0.0013 0.0014 0.0011 0.0015 0.0015
0.0005 0.0006 0.0004 0.0004 0.0004 0.0004 0.0004 0.0005 0.0004 0.0004
0.0002 0.0002 0.0002 0.0001 0.0002 0.0001 0.0002 0.0001 0.0002 0.0001
0.0001 0.0001 0.0001 0.0001 0.0000 0.0001 0.0001 0.0001 0.0001 0.0001
0.0000 0.0001 0.0000 0.0000 0.0001 0.0001 0.0000 0.0000 0.0000 0.0001
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

O 0o NO Ul b WN L O
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Table 2.8. Comparison of theoretical and simulated distribution of the mle, when the true

change-point (t) location changes for vy/v, = 14.
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TABLE 2.9 V1/V2 =2
Comparison of theoretical and simulated results for changes in change-point (t) location.

n =60 n =40 n =500

k Theor. 1=10 t=20 7t=30 71=40 1=50 t=10 t=20 <t1=30 =250
-20 0.0025 0.0000 0.0000 0.0025 0.0025 0.0026 0.0000 0.0000 0.0032 0.0023
-15 0.0044 0.0000 0.0050 0.0039 0.0045 0.0046 0.0000 0.0049 0.0050 0.0043
-10 0.0085 0.0000 0.0095 0.0089 0.0087 0.0098 0.0000 0.0090 0.0090 0.0082
-6 0.0164 0.0203 0.0162 0.0161 0.0171 0.0174 0.0201 0.0164 0.0172 0.0161
-5 0.0198 0.0237 0.0200 0.0207 0.0207 0.0211 0.0239 0.0205 0.0212 0.0201
-4 0.0244 0.0288 0.0260 0.0248 0.0242 0.0262 0.0288 0.0253 0.0260 0.0243
-3 0.0311 0.0335 0.0315 0.0315 0.0311 0.0328 0.0351 0.0307 0.0337 0.0316
-2 0.0416 0.0454 0.0438 0.0414 0.0422 0.0447 0.0450 0.0420 0.0444 0.0418
-1 0.0614 0.0660 0.0614 0.0653 0.0618 0.0659 0.0678 0.0641 0.0659 0.0618
0 0.1534 0.1606 0.1548 0.1569 0.1580 0.1638 0.1633 0.1591 0.1655 0.1537

1 0.1003 0.1066 0.1036 0.0995 0.1036 0.1097 0.1095 0.1039 0.1086 0.1008

2 0.0726 0.0763 0.0757 0.0726 0.0728 0.0793 0.0747 0.0766 0.0800 0.0700

3 0.0556 0.0590 0.0573 0.0563 0.0572 0.0624 0.0583 0.0563 0.0620 0.0549

4 0.0440 0.0469 0.0443 0.0445 0.0467 0.0515 0.0474 0.0461 0.0501 0.0446

5 0.0358 0.0387 0.0368 0.0366 0.0369 0.0437 0.0382 0.0397 0.0427 0.0365

6 0.0296 0.0321 0.0299 0.0305 0.0308 0.0382 0.0309 0.0300 0.0387 0.0296
10 0.0154 0.0158 0.0165 0.0158 0.0167 0.0000 0.0164 0.0161 0.0000 0.0152
15 0.0079 0.0084 0.0081 0.0083 0.0097 0.0000 0.0079 0.0093 0.0000 0.0080
20 0.0044 0.0048 0.0045 0.0045 0.0000 0.0000 0.0045 0.0000 0.0000 0.0043

Table 2.9. Comparison of theoretical and simulated distribution of the mle, when the true change-point (t) location

changes for vi/v, = 2.

www.manaraa.com



18

TABLE2.10 vy/v,=6

Comparison of theoretical and simulated results for changes in change-point (t) location.
n =60 n=40 n =500
k Theor. 1=10 Tt1=20 +t=30 7t1=40 1=50 =10 t=20 1=30 =250
-20 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-15 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-10 0.0002 0.0000 0.0002 0.0002 0.0002 0.0001 0.0000 0.0002 0.0002 0.0003
-6 0.0019 0.0017 0.0016 0.0022 0.0021 0.0019 0.0016 0.0020 0.0021 0.0019
-5 0.0035 0.0036 0.0035 0.0036 0.0036 0.0030 0.0033 0.0035 0.0036 0.0036
-4 0.0065 0.0065 0.0062 0.0068 0.0066 0.0069 0.0062 0.0057 0.0064 0.0066

-3 0.0129 0.0127 0.0137 0.0131 0.0122 0.0128 0.0129 0.0120 0.0128 0.0124
-2 0.0278 0.0285 0.0268 0.0261 0.0301 0.0277 0.0279 0.0289 0.0273 0.0262
-1 0.0730 0.0739 0.0714 0.0752 0.0722 0.0738 0.0704 0.0716 0.0721 0.0743

0 0.5347 0.5378 0.5356 0.5289 0.5367 0.5337 0.5396 0.5384 0.5365 0.5352
1 0.1790 0.1773 0.1784 0.1847 0.1774 0.1806 0.1769 0.1782 0.1809 0.1780
2 0.0769 0.0765 0.0805 0.0776 0.0757 0.0781 0.0773 0.0748 0.0766 0.0788
3 0.0372 0.0364 0.0362 0.0353 0.0371 0.0364 0.0375 0.0385 0.0386 0.0375
4 0.0193 0.0188 0.0187 0.0195 0.0189 0.0190 0.0189 0.0186 0.0183 0.0183
5 0.0105 0.0103 0.0105 0.0108 0.0102 0.0104 0.0107 0.0111 0.0094 0.0102
6 0.0059 0.0062 0.0060 0.0058 0.0061 0.0058 0.0058 0.0056 0.0058 0.0058
10 0.0007 0.0007 0.0007 0.0008 0.0006 0.0000 0.0008 0.0006 0.0000 0.0009
15 0.0001 0.0001 0.0000 0.0001 0.0001 0.0000 0.0001 0.0001 0.0000 0.0000
20 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Table 2.10. Comparison of theoretical and simulated distribution of the mle, when the true change-point (t) location

changes for vi/v, = 6.
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TABLE 2.11 vy/v, =14
Comparison of theoretical and simulated results for changes in change-point (t) location.

n=60 n=40 n =500

k Theor. t=10 Tt=20 7t=30 7t1=40 1=50 t=10 t=20 <t=30 =250
-20 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-15 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-6 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0002 0.0001 0.0001
-5 0.0003 0.0004 0.0005 0.0003 0.0004 0.0003 0.0002 0.0003 0.0003 0.0004
-4 0.0010 0.0010 0.0010 0.0010 0.0012 0.0012 0.0010 0.0011 0.0008 0.0010
-3 0.0030 0.0033 0.0032 0.0031 0.0028 0.0030 0.0032 0.0028 0.0026 0.0029
-2 0.0105 0.0101 0.0107 0.0112 0.0103 0.0109 0.0106 0.0113 0.0107 0.0104
-1 0.0463 0.0463 0.0453 0.0460 0.0471 0.0471 0.0474 0.0466 0.0462 0.0469
0 0.7401 0.7390 0.7401 0.7386 0.7409 0.7397 0.7383 0.7393 0.7400 0.7400

1 0.1429 0.1448 0.1428 0.1419 0.1417 0.1416 0.1420 0.1434 0.1430 0.1427

2 0.0380 0.0374 0.0394 0.0389 0.0378 0.0379 0.0389 0.0368 0.0377 0.0385

3 0.0117 0.0118 0.0112 0.0127 0.0120 0.0118 0.0122 0.0120 0.0123 0.0127

4 0.0039 0.0038 0.0040 0.0040 0.0037 0.0042 0.0040 0.0040 0.0040 0.0027

5 0.0014 0.0012 0.0011 0.0015 0.0013 0.0014 0.0014 0.0014 0.0013 0.0011

6 0.0005 0.0006 0.0004 0.0004 0.0004 0.0005 0.0004 0.0005 0.0006 0.0004
10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000
15 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
20 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Table 2.11. Comparison of theoretical and simulated distribution of the mle, when the true change-point (t) location

changes for v,/v, = 14.
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TABLE 2.12 Bias and MSE

Vi/Vy =2 vi/Vv, =3 vi/V, =6 vi/v, =10 vi/v, =14 vi/v, =18 vi/v, =22
Theor. mle Theor. mle Theor. mle Theor. mle Theor. mle Theor. mle Theor. mle
n =500 Bias 0.000 0.055 0.000 -0.004 0.000 -0.001 0.000 0.004 0.000 -0.004 0.000 -0.002 0.000 0.000
t=250 MSE 114.676 114.202 18.733 18.705 2.816 2.815 1.079 1.085 0.641 0.616  0.452 0.465 0.348 0.348
n=200 Bias 0.000 -0.014 0.000 -0.005 0.000 -0.003 0.000 -0.006 0.000 0.000 0.000 0.000 0.000 -0.001
t=100 MSE 114.676 113.044 18.733 18.691 2.816 2.777 1.079 1.072 0.641 0.628 0.452 0.456 0.348 0.347
n=100 Bias 0.000 1.328 0.000 0.218 0.000 -0.001 0.000 0.004 0.000 0.005 0.000 0.000 0.000 0.001
t=10 MSE 114.676 70.293 18.733 15.703 2.816 2.749 1.079 1.070 0.641 0.642 0.452 0.459 0.348 0.348
n=100 Bias 0.000 0.613 0.000 0.062 0.000 0.002 0.000 0.002 0.000 -0.005 0.000 -0.002 0.000 0.002
t=20 MSE 114.676 83.356 18.733 17.463 2.816 2.820 1.079 1.106 0.641 0.635 0.452 0.446  0.348 0.348
n=100 Bias 0.000 -0.051 0.000 -0.027 0.000 0.001 0.000 0.006 0.000 -0.002 0.000 0.001 0.000 0.005
=50 MSE 114.676 99.672 18.733 18.518 2.816 2.854 1.079 1.119 0.641 0.638 0.452 0.454 0.348 0.349
n=100 Bias 0.000 -0.932 0.000 -0.074 0.000 -0.010 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.002
t=80 MSE 114.676 74.305 18.733 17.402 2.816 2.768 1.079 1.060 0.641 0.647 0.452 0.447 0.348 0.351
n=100 Bias 0.000 -2.092 0.000 -0.341 0.000 -0.012 0.000 -0.012 0.000 -0.005 0.000 -0.002 0.000 0.000
=90 MSE 114.676 50.839 18.733 12.376 2.816 2.603 1.079 1.050 0.641 0.635 0.452 0.443 0.348 0.347
n =60 Bias 0.000 1.276 0.000 0.179 0.000 -0.007 0.000 0.002 0.000 0.000 0.000 0.001 0.000 -0.002
t=10 MSE 114.676 62.824 18.733 15.049 2.816 2.675 1.079 1.065 0.641 0.635 0.452 0.446 0.348 0.346
n =60 Bias 0.000 -0.117 0.000 0.004 0.000 -0.004 0.000 -0.008 0.000 0.002 0.000 0.002 0.000 0.004
t=30 MSE 114.676 70.487 18.733 17.798 2.816 2.796 1.079 1.074 0.641 0.654 0.452 0.461 0.348 0.351
n =60 Bias 0.000 -2.015 0.000 -0.344 0.000 -0.011 0.000 0.004 0.000 -0.001 0.000 0.001 0.000 0.000
=50 MSE 114.676 47.437 18.733 12.761 2.816 2.617 1.079 1.084 0.641 0.647 0.452 0.450 0.348 0.346
n=40 Bias 0.000 0.907 0.000 0.167 0.000 0.016 0.000 -0.001 0.000 0.002 0.000 0.001 0.000 0.001
t=10 MSE 114.676 47.100 18.733 14.654 2.816 2.745 1.079 1.055 0.641 0.644  0.452 0.454 0.348 0.360
n=40 Bias 0.000 -0.294 0.000 -0.030 0.000 0.002 0.000 0.001 0.000 -0.002 0.000 0.001 0.000 0.005
t=20 MSE 114.676 47944 18.733 15.750 2.816 2.834 1.079 1.091 0.641 0.652 0.452 0.451 0.348 0.358
n=40 Bias 0.000 -1.799 0.000 -0.330 0.000 -0.017 0.000 -0.005 0.000 0.003 0.000 -0.002 0.000 0.000
t=30 MSE 114.676 37.342 18.733 12.320 2.816 2.575 1.079 1.081 0.641 0.649 0.452 0.452 0.348 0.345

Table 2.12. Bias and MSE for v,/v, = 2, 3, 6, 10, 14, 18, and 22 for varying sample sizes n and change-point T locations.

www.manaraa.com



78

n

Comparison of theoretical and simulated (conditional and unconditional mle) results forv ; /v, =2, 6, 10, 14, 18 and 22.
vy/v, =10

vy /vy =2

vi/V, =6

TABLE 2.13

vy/v, =14

v,/v, =18

vy /v, =22

Theor

mle

cmle

Theor

mle

cmle

Theor

mle

cmle

Theor

mle cmle

Theor

mle

cmle

Theor

mle

cmle

-20
-15
-10

O 0o NOUL b WN L O

0.002
0.004
0.009
0.010
0.012
0.014
0.016
0.020
0.024
0.031
0.042
0.061
0.153
0.100
0.073
0.056
0.044
0.036
0.030
0.025
0.021
0.018

0.003
0.005
0.009
0.011
0.012
0.015
0.017
0.021
0.026
0.034
0.044
0.066
0.165
0.109
0.080
0.062
0.050
0.043
0.039
0.035
0.034
0.059

0.005
0.009
0.015
0.018
0.020
0.023
0.026
0.030
0.035
0.041
0.049
0.059
0.072
0.058
0.047
0.038
0.032
0.026
0.022
0.018
0.014
0.011

0.000
0.000
0.000
0.000
0.001
0.001
0.002
0.003
0.007
0.013
0.028
0.073
0.535
0.179
0.077
0.037
0.019
0.010
0.006
0.003
0.002
0.001

0.000
0.000
0.000
0.000
0.001
0.001
0.002
0.004
0.006
0.013
0.027
0.072
0.537
0.181
0.077
0.039
0.018
0.009
0.006
0.003
0.002
0.002

0.000
0.000
0.001
0.001
0.002
0.004
0.006
0.011
0.019
0.036
0.072
0.155
0.385
0.156
0.071
0.036
0.018
0.010
0.006
0.003
0.002
0.001

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.002
0.006
0.016
0.057
0.670
0.162
0.053
0.020
0.008
0.003
0.001
0.001
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.003
0.006
0.015
0.057
0.673
0.161
0.051
0.020
0.008
0.003
0.001
0.001
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.001
0.003
0.008
0.019
0.050
0.149
0.537
0.149
0.049
0.019
0.008
0.003
0.001
0.001
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.003
0.011
0.046
0.740
0.143
0.038
0.012
0.004
0.001
0.000
0.000
0.000
0.000

0.000 0.000
0.000 0.000
0.000 0.000
0.000 0.000
0.000 0.000
0.000 0.000
0.000 0.000
0.000 0.001
0.001 0.004
0.003 0.012
0.011 0.037
0.046 0.134
0.740 0.621
0.143 0.135
0.038 0.037
0.012 0.012
0.004 0.004
0.001 0.001
0.001 0.001
0.000 0.000
0.000 0.000
0.000 0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.002
0.007
0.039
0.784
0.127
0.029
0.008
0.002
0.001
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.002
0.009
0.039
0.782
0.129
0.029
0.007
0.002
0.001
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.002
0.008
0.029
0.122
0.676
0.124
0.028
0.007
0.002
0.001
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.006
0.033
0.814
0.115
0.023
0.005
0.001
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.005
0.033
0.817
0.113
0.023
0.006
0.001
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.005
0.022
0.110
0.721
0.109
0.023
0.006
0.001
0.000
0.000
0.000
0.000
0.000

Table 2.13. Comparison of theoretical and simulated (conditional and unconditional) distribution of the mle for v, /v, =

2, 6,10, 14, 18 and 22, when n = 40 and 7 = 30. (Error rate for c mle 10" to 107).
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TABLE 2.14
Comparison of theoretical and simulated (conditional and unconditional mle) results forv ; /v, =2, 6, 10, 14, 18 and 22.

Vl/VZ =2 Vl/VZ =6 Vl/V2 =10 Vl/V2 =14 Vl/VZ =18 Vl/VZ =22

n Theor mle cmle Theor mle cmle Theor mle cmle Theor mle cmle Theor mle cmle Theor mle cmle

S8

-19 0.003 0.005 0.005 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 o0.000
-15 0.004 0.005 0.008 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-10 0.009 0.009 0.016 0.000 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 o0.000
-6 0.016 0.016 0.027 0.002 0.002 0.006 0.000 0.001 0.002 0.000 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.000
-5 0.020 0.020 0.032 0.003 0.003 0.010 0.001 0.001 0.003 0.000 0.000 0.001 0.000 0.000 0.001 0.000 0.000 0.000
-4 0.024 0.025 0.037 0.007 0.006 0.019 0.002 0.002 0.008 0.001 0.001 0.004 0.001 0.001 0.002 0.000 0.000 0.001
-3 0.031 0.031 0.044 0.013 0.012 0.036 0.006 0.005 0.019 0.003 0.003 0.011 0.002 0.002 0.008 0.001 0.001 0.005
-2 0.042 0.042 0.053 0.028 0.029 0.072 0.016 0.016 0.050 0.011 0.011 0.037 0.007 0.007 0.028 0.006 0.006 0.023
-1 0.061 0.064 0.065 0.073 0.072 0.155 0.057 0.056 0.148 0.046 0.047 0.135 0.039 0.039 0.122 0.033 0.033 0.110
0 0.153 0.159 0.079 0.535 0.538 0.387 0.670 0.672 0.535 0.740 0.739 0.621 0.784 0.786 0.678 0.814 0.811 0.717
1 0.100 0.104 0.064 0.179 0.178 0.155 0.162 0.159 0.148 0.143 0.143 0.135 0.127 0.125 0.121 0.115 0.117 0.112
2 0.073 0.077 0.053 0.077 0.075 0.071 0.053 0.054 0.052 0.038 0.037 0.036 0.029 0.029 0.028 0.023 0.024 0.023
3 0.056 0.056 0.045 0.037 0.038 0.036 0.020 0.020 0.019 0.012 0.012 0.012 0.008 0.008 0.008 0.005 0.006 0.006
4 0.044 0.046 0.038 0.019 0.019 0.019 0.008 0.008 0.008 0.004 0.004 0.004 0.002 0.002 0.002 0.001 0.001 o0.001
5 0.036 0.040 0.032 0.010 0.011 0.011 0.003 0.003 0.003 0.001 0.001 0.001 0.001 0.001 0.001 0.000 0.001 0.001
6 0.030 0.030 0.027 0.006 0.006 0.006 0.001 0.002 0.002 0.000 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.000
10 0.015 0.016 0.015 0.001 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
15 0.008 0.009 0.008 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
19 0.005 0.016 0.005 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Table 2.14. Comparison of theoretical and simulated (conditional and unconditional) distribution of the mle for v, /v, =

2, 6,10, 14, 18 and 22, when n = 40 and 7 = 20. (Error rate for c mle 10 to 107).
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Comparison of theoretical and simulated (conditional and unconditional mle) results forv /v, =2, 4, 6, 10, and 20.

viy/v, =2

vi/v, =6

TABLE 2.15

vy/v, =10

vy/v, =14

vy/v, =18

vy /v, =22

n Theor

mle

cmle

Theor

mle

cmle

Theor

mle

cmle

Theor

mle

cmle

Theor

mle

cmle

Theor

mle

cmle

-9 0.010
-8 0.012
-7 0.014
-6 0.016
-5 0.020
-4 0.024
-3 0.031
-2 0.042
-1 0.061
0.153
0.100
0.073
0.056
0.044
0.036
0.030
0.025
0.021
0.018
0.015
0.008
0.004

O 0 NOULL B~ WN - O

N R
o U1 O

0.019
0.017
0.018
0.020
0.024
0.029
0.035
0.045
0.068
0.163
0.109
0.075
0.058
0.047
0.038
0.031
0.026
0.022
0.019
0.016
0.008
0.004

0.013
0.015
0.018
0.022
0.026
0.031
0.038
0.046
0.056
0.070
0.058
0.049
0.042
0.036
0.031
0.027
0.023
0.020
0.018
0.016
0.009
0.005

0.000
0.001
0.001
0.002
0.003
0.007
0.013
0.028
0.073
0.535
0.179
0.077
0.037
0.019
0.010
0.006
0.003
0.002
0.001
0.001
0.000
0.000

0.000
0.001
0.001
0.002
0.003
0.006
0.013
0.028
0.070
0.540
0.177
0.077
0.037
0.019
0.011
0.006
0.003
0.002
0.001
0.001
0.000
0.000

0.001
0.002
0.003
0.005
0.010
0.019
0.035
0.071
0.154
0.385
0.153
0.072
0.036
0.019
0.010
0.006
0.003
0.002
0.001
0.001
0.000
0.000

0.000
0.000
0.000
0.000
0.001
0.002
0.006
0.016
0.057
0.670
0.162
0.053
0.020
0.008
0.003
0.001
0.001
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.001
0.002
0.005
0.015
0.057
0.671
0.161
0.052
0.020
0.008
0.003
0.001
0.001
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.001
0.001
0.003
0.008
0.019
0.051
0.149
0.534
0.149
0.050
0.020
0.008
0.003
0.001
0.001
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.003
0.011
0.046
0.740
0.143
0.038
0.012
0.004
0.001
0.000
0.000
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.003
0.011
0.047
0.738
0.142
0.039
0.012
0.004
0.001
0.000
0.000
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.001
0.004
0.012
0.038
0.135
0.620
0.135
0.037
0.012
0.004
0.001
0.000
0.000
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.002
0.007
0.039
0.784
0.127
0.029
0.008
0.002
0.001
0.000
0.000
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.002
0.007
0.040
0.784
0.126
0.030
0.008
0.002
0.001
0.000
0.000
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.001
0.002
0.007
0.028
0.122
0.679
0.121
0.029
0.008
0.002
0.001
0.000
0.000
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.006
0.033
0.814
0.115
0.023
0.005
0.001
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.006
0.034
0.811
0.117
0.023
0.005
0.002
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.005
0.023
0.111
0.717
0.112
0.022
0.005
0.002
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

Table 2.15. Comparison of theoretical and simulated (conditional and unconditional) distribution of the mle for v, /v, =

2, 6,10, 14, 18 and 22, when n = 40 and 7 = 10. (Error rate for c mle 10" to 10”).
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vi/vy, =2

vi/v, =6

TABLE 2.16
Comparison of theoretical and simulated (conditional and unconditional mle) results forv ; /v, =2, 6, 10, 14, 18 and 20.

vy/v, =10

vy/v, =14

v,/v, =18

v/, =22

n Theor

mle

cmle

Theor

mle

cmle

Theor

mle

cmle

Theor

mle

cmle

Theor

mle

cmle

Theor

mle

cmle

-20 0.002
-15 0.004
-10 0.009
-6 0.016
-5 0.020
-4 0.024
-3 0.031
-2 0.042
-1 0.061
0 0.153
1 0.100
2 0.073
3 0.056
4 0.044
5 0.036
6 0.030
10 0.015
15 0.008
20 0.004

0.002
0.005
0.009
0.017
0.021
0.024
0.031
0.041
0.061
0.156
0.102
0.073
0.055
0.043
0.036
0.030
0.015
0.008
0.004

0.005
0.008
0.016
0.027
0.031
0.036
0.043
0.051
0.062
0.076
0.062
0.051
0.043
0.036
0.031
0.027
0.015
0.009
0.005

0.000
0.000
0.000
0.002
0.003
0.007
0.013
0.028
0.073
0.535
0.179
0.077
0.037
0.019
0.010
0.006
0.001
0.000
0.000

0.000
0.000
0.000
0.002
0.003
0.006
0.013
0.029
0.073
0.538
0.179
0.075
0.036
0.020
0.010
0.006
0.001
0.000
0.000

0.000
0.000
0.001
0.006
0.010
0.019
0.036
0.072
0.156
0.386
0.155
0.071
0.035
0.019
0.010
0.006
0.001
0.000
0.000

0.000
0.000
0.000
0.000
0.001
0.002
0.006
0.016
0.057
0.670
0.162
0.053
0.020
0.008
0.003
0.001
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.001
0.002
0.006
0.016
0.059
0.673
0.159
0.051
0.019
0.008
0.003
0.001
0.000
0.000
0.000

0.000
0.000
0.000
0.001
0.003
0.008
0.019
0.051
0.150
0.537
0.147
0.050
0.019
0.008
0.004
0.001
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.003
0.011
0.046
0.740
0.143
0.038
0.012
0.004
0.001
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.003
0.010
0.046
0.741
0.143
0.038
0.012
0.004
0.002
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.001
0.004
0.011
0.037
0.136
0.622
0.134
0.037
0.012
0.004
0.001
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.002
0.007
0.039
0.784
0.127
0.029
0.008
0.002
0.001
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.002
0.008
0.039
0.780
0.130
0.029
0.007
0.002
0.001
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.001
0.002
0.008
0.029
0.122
0.675
0.124
0.028
0.007
0.002
0.001
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.006
0.033
0.814
0.115
0.023
0.005
0.001
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.006
0.033
0.815
0.114
0.023
0.005
0.002
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.001
0.005
0.023
0.110
0.720
0.110
0.022
0.005
0.001
0.000
0.000
0.000
0.000
0.000

Table 2.16. Comparison of theoretical and simulated (conditional and unconditional) distribution of the mle for v, /v, =

2,6,10, 14,18 and 22, when n =200 and 7 = 100. (Error rate for c mle 10* to 10'5).
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Figure 2.9 (a). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, =2, n =200 and t = 100.
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Figure 2.9 (a). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, =6, n =200 and t = 100.
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Figure 2.9 (c). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, =10, n = 200 and 7 = 100.
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Figure 2.9 (d). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, = 14, n = 200 and 7 = 100.
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Figure

2.9 (e). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, = 18, n = 200 and 7 = 100.
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Figure

2.9 (f). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, =22, n =200 and 7 = 100.
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Figure 2.10 (a). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, =2, n =40 and 7 = 30.
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Figure 2.10 (b). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, =6, n =40 and 7 = 30.
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Figure 2.10 (c). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, =10, n =40 and t = 30.
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Figure 2.10 (d). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, =14, n=40and t = 30.
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Figure 2.10 (e). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, =18, n =40 and t = 30.
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Figure 2.10 (f). Comparison of theoretical and simulated (conditional and unconditional)

distribution of the mle for v; /v, =22, n=40and t = 30.
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CHAPTER 3

ASYMPTOTIC DISTRIBUTION OF THE MAXIMUM LIKELIHOOD

ESTIMATE OF THE CHANGE-POINT WHEN A CHANGE OCCURS

IN THE MEAN PARAMETER OF A GAUSSIAN PROCESS

In this chapter we investigate an abrupt change-point problem with the change-point occurring
in the mean only of a Gaussian process. A Gaussian model is useful in many sciences, such as
biology, climatology, and management. For example, assuming independence and normality,
we may wish to analyze temperature or precipitation data in order to determine if there was a
change in the climate and when it occurred. Many industrial data follow the normal
distribution, thus we may utilize change-point analysis in quality control. If a change in the
process is detected, the distribution of the maximum likelihood estimator will give a confidence
interval that will allow managers to track down possible causes of the change. Agricultural data
may also follow the normal distribution, and we may wish to know if there was a change
between one year and another, perhaps due to weather, new irrigation or planting methods or

new machinery employed.

Thus we would like to make inferences about changes that occur in Gaussian independent time-
series data and make more statistical tools available for the sciences and other areas. Some

work has already been done on this subject, Hinkley (1970) gives approximations for the
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distribution for the mle for a change in the mean only of a normal distribution. Many others
provide upper and lower bounds for the distribution of the change-point mle. Borovkov (1999)
provides upper and lower bounds, Hu & Rukhin (1995) provide a lower bound, Jandhyala &
Fotopoulos (1999) and Fotopoulos & Jandhyala (2001) provide the upper and lower bounds for
the asymptotic distribution of the mle, Jandhyala & Fotopoulos (1999) also provide two
approximations of the change-point mle distribution. In addition, Cobb (1978) suggests a
conditional approach to the distribution of the change-point mle, where Hinkley’s approach
would be labeled as unconditional, since it depends only on the parameters. And much work
has been done on developing tests for change in a (univariate and multivariate) normal
distribution, see Csorgd & Horvath (1997) and Chen & Gupta (2000) for example, who refer to
many works on the subject, e.g., Worsley (1979), Sen & Srivastava (1975), and Srivastava &

Worsley (1986).

The rest of the chapter is organized as follows: in section 3.1 we will look at general results for
the asymptotic distribution of the mle of the unknown change-point, then in section 2.2 we will
focus on the univariate and multivariate Gaussian distribution and derive the computable
expressions for the asymptotic distribution of the mle of the unknown change-point when a
change occurs abruptly in the mean only of a sequence of independent normal random
variables. Then in sections 2.3 and 2.4 we will present applications of the distribution theory
using global precipitation data and surface temperature anomalies data. Section 2.5 will
conclude with a simulation study of the accuracy of the asymptotic distribution and its

robustness to departures from normality.
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3.1 General results for the distribution of the maximum likelihood estimate of

the change-point 7.

As in section 2.1.1, consider a sequence of time-ordered, independent, real valued random
variables, Y;,Y,, ...,Y,,,n = 1, defined on a probability space (Q,F, P). We assume there exists
a change-point 7,, € {1,2, ...,n — 1} such that ¥}, Y,, e Yo have a common density function f;
and the remaining sequence Y; .1,Y; 42, .., Y, has a common probability density function f;,
with f; # f,. Note that f; and f, are densities of F; and F, with respect to some dominating
measure u(F;, F, < ). Following Hinkley (1970), the change-point 7, is an unknown
parameter that we wish to estimate. The likelihood function then is as follows L(t) =

l_[f;ll )=, 41 2(Y), and the mle of 17, can be expressed as
T, = arg maxXq<t<n-1 Zlelog%(Yi) ,1=1,2,...,n— 1. For the sake of convenience we work
2

with the difference between the true change-point and the maximum likelihood estimate,

T, — Tp. In this case the mle function can be rewritten as

Tntk

Ty —Tp = arg max Z log%(Yi), T,— T, €E{l—1p..,n—1—-1,}
i=1 z

1-tp<ksn—-1-1p,

where the maximizer is a result of a two-sided random walk below

(k
ZX{*=S,’§, k=1,..,.n—-1-1,
i=1

k) =<5 0

=~
Il
(@]

(3.1.1)

k
ZX- =S k=-1,..1-1,
\

i=1

~
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We define the following random variables

?(Y) and X; ——logfl(Y) i=1,..,n—1

X; =log 7
2

and the partial sums

j
szZXi and sj*=ZX;‘, Se=S:=0

Note that that in the above X* and X are real random variables defined on R, where the
sequences {Y,Y;:i = 1}and {Y*,Y":i = 1} are independent with identical and independent

copies on (R, R), such that Y~f; and Y"~f;. Thus the partial sums S; and S; of the random

variables X* and X are two, independent of each other, random walks.

Since F; # F, and thus f; # f, the expected values of X* and X are negative:

500 = - [ 1082 (0 i Om(@n) = =K (o) = =By (10g 2 (1) < 0

f

7)) <o

BOC) = [10g22 () £(Oud) = =K (o ) = By (1o

We show below that for Jandhyala & Fotopoulos’ (1999, p. 132) Proposition 1 and Stoyan
(1976, p.83), 6 = 08" =1 and the three assumptions for X; and X7 in the proposition are not

needed as they hold whenever F; # F, and P(X > 0) > 0.
Assume that P(X > 0) > 0, and for 8 > 0 let ¢(8) = E{e®*} and () = E{e®*"}, then we

see that ¢(8) = ¢Y(1 —6) and
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-0

6@ =5} = [ i B} u@n = [ 7000 Coutan

1-0 0
<{[ rwu@n] {[ pew@o} =1 (312)
thus ¢(0) < 1V 6 € [0,1]. We know that the asymptotic tail of the total maximum
M = su'p{Sj:j € N}

can be described by one of the following cases: (1) 8 = 0, sub-exponential case, (2) & > 0 and
¢(0) < 1, an intermediate case, and (3) 8 > 0 and ¢(6) = 1, Cramer’s case. We see that since
6 > 0 to satisfy case (3) we must have 6 = 1, see equation (3.1.2), thus X satisfies Cramer’s
condition. It then follows that X™* satisfies Cramer’s condition as well, since as we noted before
¢(0) =yY(1—0). Thus 8 =6* = 1. It follows that ¢p(8) <1V O €[0,1] and ¢ is strictly
convex on 6 € [0,1] suggesting ¢(6) reaches the minimum at a unique 6, € [0,1], i.e.,
¢ (0y) = infye[o119(0) < 1. Hence the assumptions for X; and X7 in Jandhyala & Fotopoulos

(1999) are no longer needed.

Let &, = T,, — T,. Since the finite sample distribution of &, requires the unknown change-point
parameter t,, we choose to work with the asymptotic distribution of &,,. As in chapter 2 we let
n — oo so that both 7,, = e and n — t,, = <o, then the limiting random variable {.. will have
the following probability distribution, see Fotopoulos (2007) and Jandhyala & Fotopoulos

(1999)

THEOREM 3.1. When F; # F, and P(X > 0) > 0, the probability distribution of &.. is as follows
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P =k) =

r oo

P(T{* = o) P(T;~ > k) — f P(M.. = x)P(Sy €dx,T{” >k);, k>1
0+
= P(Tf = eo)P(Tyt = o0), k=0 (3.1.3)

oo

P(T = ) {P(T] > |k|) — f P(M% = x)P(Sy € dx, Ty > |kl) ¢,k < —1
\ ot

Where
Ty =inf{j = 1:5; < 0}, T =inf{j = 1:5; > 0}
Ty™ =inf{j > 1:57 <0}, Ty =inf{j > 1:5 > 0}
are the first strict descending and ascending ladder epochs and
M., = max S; and MZ = max S

are the total maxima.

The expressions in the equation (3.1.3) above are not in a computable form, but we can see
that the distribution of MZ and M.. depends on the underlying distributions f;and f,. By
assuming the underlying distributions to be Gaussian we can derive a computable form for the

asymptotic distribution of the change-point mle.
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3.2 Asymptotic distribution of .. when the underlying process is Gaussian

We first consider case where the change occurs in the mean only of the underlying univariate
Gaussian distribution. Then we show how this can be extended to the general multivariate

Gaussian case.
3.2.1 Univariate Gaussian case

Consider a time-ordered sequence of independent real valued random variables, Y;,Y,, ..., Y,
n = 1, defined on (Q,F, P). We assume that there exists a change-point 7,, € {1,2,...,n — 1}
such that the sequence Yy,Y,..,Y; , has a common probability density function f;, i.e.,
Y;~N(uy,0?) fori =1,...,1,, and the sequence Yi, .1 Yo 42, -, Yo, has @ common probability

density function f,, i.e., Yi~N(uy,02) fori = 7, + 1, ...n, where f; # f5 and u; # us.

1

(fivis 0, 0?) = e~Oi?20% =ty 20
FOuv) = 2mo*
1 -

kfz(yl-;uz,az) = e~ i—u2)?/20? i=t,+1,..,n ;=0

-4

mo?

Note that a change occurs in the mean only, the variance g2 stays constant, and is assumed to
be known. The random variables X; = —log%(Yi) = log%(Yi) and X{ = log%(Yi*), where
2 1 2

Y~N(uy,02%) and Y*~N(uy, 02), can then be expressed as

1 -0-up?/202

X =1lo V2mo? :_(Y—H2)2+(Y—M1)2:
& 1 e_(y_ul)Z/ZJz 202 207
2mo?
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—(u +Zo — .uz)z + (U +Zo — ﬂ1)2
D 202

_ —(p1 — 12)* = 2y — )20 — (Zo)? + (Zo)?
B 202

(ﬂ1 - ﬂz)z _ 2(#1 - ﬂz)ZO'
202 202

(u — .uz)z _ (ug — p2) 7

3.2.1
202 o ( )

and

L -tr-u?/20?

. V2ma? Y —u)? (Y —py)?
X" = log 1 =— — + >
e_(y*_MZ)Z/ZO-Z 20- 20-

2mo?

~(p + 20 — p1)* + (Up + Z70 — 1p)?
D 207

_ —(uy = 12)? +2(uy — )20 — (Z*0)* + (Z*0)?
- 202

(1 — 1p)? n 2(uy —ux)2"o
207 207

_ 2 _
(u1 — pz) +(ﬂ1 .uz)Z*

3.2.2
202 o ( )

Where Z~N(0,1) and Z*~N(0,1) are independent of each other. We note in the above that X

and X* are identically distributed with identical negative means E(X) = E(X*) = —1n%/2 <0
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E(X) — E(X*) - _ (‘u12_0_1:2)2 _ _ (.ul ;HZ)Z/Z <0

where 77 is the standardized amount of change in the mean

n= It — 1| (3.2.3)
o

The variances are also identical

Var(X) = Var(X*) = (H1 _ 'uz)2 =n?

Due to this we can limit out analysis to one side only of the random walk I,(:) in equation

(3.1.1) and the partial sum can now be written as

_ _ (1 — 12)*  (py — 1)
5 _in _Z(_ 202 o Z)

J J
i=1 i=1
J J
= Z(—nZ/Z —nZ) = —jn*/2 - nzZ
i=1 i=1

jn?
=, 5 12} Z~N(0,1) (3.2.4)

In Asmussen (1987) G, is defined as the strict ascending ladder height distribution which is

defective when E(X) < 0.

G, (dx) = P(T{" < o0, S+ € dx) (3.2.5)
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Hence, as in chapter 2, ||G,|| = P(T;" <o) <1land 1/E(T;) =1—||G.|| = P(T}f = o0) =

P(M.., = 0).

THEOREM 3.2. Given a time-ordered sequence Yi,Ys,...,Y,,n =1 where Y;~N(uy,02),i =
1,..,T, and Y;~N(uy,02),i =1, + 1,..,n, and u; # p, the probability distribution of &.., see

equation (3.1.3), can be written as follows

oy (=16 D (g = 16 NGk), k= +1,%2,
PE-=1= {(1 ~ 116, 1), k=0 (326)
where
1[I, ]l = P(T = o0) = P(M.. = 0) = ¢~ =301/ (3.2.7)

and
qe = E[I(T{ > k)] Gy =E[exI(Ty > k)], k=12,.. and qgo =3, =1 (3.2.8)

Proof follows by applying Lemmas 3.1, 3.2, and 3.3. From Shiryaev et al., (1993) we have the

following:

LEMMA 3.1, forx > 0

x +nn?/2 —x +nn?/2
P (maxSn) = CD(—n/> —e 0 <—U/> »1l—e*=PM.<x)asn - o
msn ovn avn

LEMMA 3.2.forx = 0

x—S,_.1+n%/2
P(Snde,T1‘>n)=n_1E{(T1">n—1)n<p( nrl] n/>},n21
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Proof. Forx > 0,

n—1
P(S,€(0,x], Ty >n)=P ﬂ(sj >0)nS, €(0,x]|=
j=0
n-—1
=EJ1([)(5>0) | POty € (=S = SucallFa)
j=0

=E<I ﬂ(S >0) ( < n1+77/2’x_ nl+n2/2]|Tn—1>

n n

—S,_1+1n%/2 —S,_1 +1n?/2
=E{I(T1‘>n—1)ﬂ(])(x "717 "/>—cb< “nn/>},nz1

The rest follows by differentiating w.r.t. x.

LEMMA 3.3

oo

fP(M > )P (S, € dx, T > 1) = [IGLIE{e=S"I(T > m)}n > 1

ot

Proof. Note that P(M..<x)=P(M.. = x|M..>0)P(M..>0) =||G,|]le”*, x>0, and

applying Lemma 3.2

oo

f P(M.. > x)P (S, €dx, T >n) =

ot
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X—=Sp-q1t 772/2>
dx

= UGLIEL (T >n—1) je—xq)( :
0+

= IGINEU(TT >n—1De nI(nZy, > =Sp_1 +1°/2)}
= |GLIEL{e=S"I(T] > n)}hn =1

To compute the equations (3.2.8), we look to Feller (1971, pg 416) and Chover et al. (1973).

The generating functions of the sequences satisfy the following

i skq, = ezz:lsk% and i skg, = ezz:lsk% (3.2.9)
k=1 k=1
where (in the Gaussian case)
b =P(S, > 0) = d(nVk/2), k=1 (3.2.10)
and

by = E[e™SkI(S, > 0)] = " ®(31nVk/2), k=1 (3.2.10)

Thus (applying the Leibnitz rule) we can use the following familiar iterative procedures to

compute q, and G

k-1
Qo=0qo=1,  kqe= z be-jq;, k= ) bp_;d;, k>0 (3.2.11)
j=0
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In order to show that the probabilities in equation (3.2.6) sum to one we look to Hinkley (1970)
and note that P(M..=>x) = P(M., = x|M.. > 0)P(M., > 0) = ||G,|le™™, x > 0. It then

follows that

oo

P(£w > 0) = P(M% > Mo, M% > 0) = f P(M.. < x)P(M% € dx)

ot
= f(l — G lle™)IG,lle™dx = [1 = (1 = [IG+ID?]/2
ot

Note that we know P(¢.. = 0) = (1 — ||G,]])? and that &, is symmetric, see (3.2.6). Hence

we see that the probabilities must sum to one.

1- (-G, I)?
2

1=0-lG,D*+ 2(

3.2.1 Multivariate Gaussian case

Let us consider a sequence of independent time-ordered random vectors Y; € R i=1,..,n
with density function f(y; u, Z). The change in parameter u from p, to u, , u; # W, occurs at
some unknown change-point 7,, € {1,2, ..., n — 1}, with pu;, u, € ©, with a common variance-

covariance matrix X, which we assume to be positive definite.

Let (x,y) denote the inner product defined and the extended seminorm is defined if there

exists a covariance operator I such that ||x||Z = (2x,x). ThenY = Dﬂl + 327 for data before
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the change-point 7,,. Note that Z is a d-variate standard normal vector. Therefore, for values

before the change-point, we may express the random variable X as

f s 11, %)

X = —log———M8M—
ST

1
= —5{(2"1(Y —12), (Y = )} — (271 (Y — pa), (Y — )}

1
= D - E Ity — Hz”?—l — gy — Hz”z—lZ (3.2.12)

where Z is a standard normal variable with mean zero and variance one.

And in a similar fashion, for values after the change-point 7,,, Y* = Dﬂz + 327" Note that Z*

is a d-variate standard normal vector. Then we may express the random variable X* as

fQiu,2)

X* =1 =
i) D

1
=3l = pall=s + oy = pall; 2" (3.213)

where Z* is a standard normal variable with mean zero and variance one, independent of Z.

We let 7 be the extent of standardized change in the multivariate mean vectors

n% =l — #2”?—1 = (4 — #Z)Tz_l(lh — Uz) (3.2.14)

Thus we can see that the multivariate case can be transformed into a corresponding univariate

case withn = ||u; — pzll5-1.
Table 3.1 and Figure 3.1 below give the theoretical probability distribution of the change-point

mle, the totals are based on 150 or more values.
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k n=0.2 1n=0.6 n=1.0 n=1.5 n=2.0 n=25 n=3.0
0 0.0178 0.1270 0.2802 0.4749 0.6409 0.7674 0.8568
1 0.0154 0.0757 0.1181 0.1313 0.1152 0.0876 0.0599
2 0.0136 0.0539 0.0689 0.0590 0.0385 0.0208 0.0097
3 0.0123 0.0416 0.0454 0.0310 0.0156 0.0061 0.0020
4 0.0113 0.0335 0.0318 0.0177 0.0069 0.0020 0.0005
5 0.0105 0.0277 0.0231 0.0106 0.0033 0.0007 0.0001
6 0.0099 0.0233 0.0173 0.0066 0.0016 0.0003 0.0000
7 0.0093 0.0199 0.0132 0.0042 0.0008 0.0001 0.0000
8 0.0088 0.0172 0.0102 0.0027 0.0004 0.0000 0.0000
9 0.0084 0.0150 0.0080 0.0018 0.0002 0.0000 0.0000
10 0.0080 0.0132 0.0064 0.0012 0.0001 0.0000 0.0000
11 0.0077 0.0116 0.0051 0.0008 0.0001 0.0000 0.0000
12 0.0074 0.0103 0.0041 0.0005 0.0000 0.0000 0.0000
13 0.0071 0.0092 0.0033 0.0004 0.0000 0.0000 0.0000
14 0.0068 0.0082 0.0027 0.0003 0.0000 0.0000 0.0000
15 0.0066 0.0074 0.0022 0.0002 0.0000 0.0000 0.0000
16 0.0063 0.0067 0.0018 0.0001 0.0000 0.0000 0.0000
17 0.0061 0.0060 0.0015 0.0001 0.0000 0.0000 0.0000
18 0.0059 0.0055 0.0012 0.0001 0.0000 0.0000 0.0000
19 0.0057 0.0050 0.0010 0.0000 0.0000 0.0000 0.0000
20 0.0056 0.0045 0.0008 0.0000 0.0000 0.0000 0.0000
Total: 0.9908 1.0227 1.0201 1.0120 1.0061 1.0025 1.0011

Table 3.1. The probability distribution of P({.. =

1.5,2.0,2.5,3.0.
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Figure 3.1. The probability distribution of P({.. = k), k=0, £1, £2, ... £20and n =0.2, 0.6, 1.0,

1.5,2.0, 2.5, 3.0.

3.3 Change-point analysis of multivariate global mean precipitation data

3.3.1 Introduction

The dataset we analyze covers the major climate zones: tropical, temperate, and arctic, with
the temperate and arctic zones grouped together. The Northern Latitudes (NL) band includes
the Northern Temperate Zone and the Arctic Circle and lies north of the Tropic of Cancer (24° to
90° N), it covers 30% of the global area and includes North America, Europe, and Asia (this
includes Canada, the United States, China, Russia, Egypt, and all of the European countries). The
Low Latitudes (Low) band includes the Tropical Zone and extends from the Tropic of Capricorn

to the Tropic of Cancer (24° S to 24° N), it covers 40% of the global area and includes Africa,
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Asia, Australia, Central and South America (this includes Australia, India, Sri Lanka, Mexico,
Cuba, Brazil, Ecuador, Peru, Nigeria, and Ethiopia). And finally, the Southern Latitudes (SL) band
includes the Southern Temperate Zone and the Antarctic Circle, it lies South of the Tropic of
Capricorn (24° S to 90° S), it covers 30% of the global area and includes South America, Africa,
Antarctica, and Australia (this includes Argentina, South Africa, Australia, and New Zealand).
The majority of Earth’s land mass, and the world’s population is located in the Northern and
Southern Temperate Zones. While the temperate zones have four seasons: winter, spring,

summer and fall, the tropical zone has two seasons: dry and wet.

We will now conduct a change-point analysis of the annual precipitation data presented in
Table 3.2 and Figure 3.2 below. We begin with detection, in other words, do we have evidence
that a change-point exists in the distribution of the multivariate data? If we conclude that a
change-point exists we will apply estimation methodology to determine the asymptotic

distribution of the change-point maximum likelihood estimate.
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Year NL Low SL Year NL Low SL Year NL Low SL Year NL Low SL

1901 1.47 4.18 1.86 1926 151 392 1091 1951 154 4.06 1.84 1976 1.52 4.05 214
1902 1.49 3.82 1.81 1927 1.52 4.08 1.85 1952 1.54 4.10 1.95 1977 1.58 4.04 2.04
1903 1.50 4.02 1.95 1928 1.49 3.98 1.90 1953 154 410 1.98 1978 1.54 4.17 2.09
1904 1.45 4.03 1.93 1929 1.45 4.00 1.86 1954 1.57 4.18 1.98 1979 1.62 4.02 197
1905 1.53 391 1.88 1930 1.49 3.86 1.93 1955 1.52 4.26 2.06 1980 1.56 4.03 1.96
1906 1.53 4.02 1.81 1931 1.52 4.00 1.95 1956 1.52 4.28 2.11 1981 1.59 4.24 2.03
1907 1.49 4.05 1.89 1932 151 397 1.96 1957 1.58 4.04 197 1982 1.61 3.85 1.92
1908 1.49 4.10 1.82 1933 149 4.12 182 1958 1.56 3.96 2.04 1983 1.63 3.86 2.07
1909 1.51 4.16 1.86 1934 1.46 4.13 201 1959 1.59 3.99 1.99 1984 1.56 4.11 212
1910 1.47 4.16 194 1935 1.52 3.97 1.90 1960 1.56 4.08 1.99 1985 1.54 4.05 197
1911 1.53 391 192 1936 1.51 4.07 1.92 1961 1.58 4.11 2.05 1986 1.53 4.03 2.05
1912 1.52 3.88 1.85 1937 1.52 4.03 1381 1962 1.55 4.20 1.87 1987 1.57 3.85 2.01
1913 1.48 3.97 190 1938 1.53 4.09 1.90 1963 1.54 4.02 2.15 1988 1.56 4.23 1091
1914 1.51 3.80 2.03 1939 1.51 4.07 2.08 1964 1.57 4.16 1.91 1989 1.55 4.19 197
1915 1.58 391 1091 1940 1.51 390 1.92 1965 1.54 395 1.97 1990 1.65 3.93 2.08
1916 1.51 4.23 184 1941 1.54 3.92 2.03 1966 1.59 4.07 1.98 1991 1.57 391 196
1917 1.44 425 2.00 1942 1.51 4.00 2.03 1967 1.55 4.08 1.92 1992 1.54 3.81 2.10
1918 1.48 3.90 2.02 1943 149 410 1.86 1968 1.54 4.09 1.96 1993 1.55 391 1.99
1919 1.53 393 1.88 1944 1.48 4.00 1.79 1969 1.57 4.07 1.93 1994 1.56 3.97 1.90
1920 1.49 4.01 2.03 1945 1.54 4.08 1.93 1970 156 4.18 1.93 1995 1.54 405 2.01
1921 1.47 420 2.03 1946 1.51 3.93 2.05 1971 1.55 4.15 2.03 1996 1.56 4.09 2.04
1922 153 411 1.88 1947 1.51 4.18 2.05 1972 158 3.87 2.02 1997 1.55 3.90 2.09
1923 1.53 3.97 190 1948 1.56 4.00 1.90 1973 1.60 4.33 2.15 1998 1.63 4.06 2.04
1924 1.47 404 178 1949 1.55 4.07 1.93 1974 156 4.22 214 1999 1.54 432 201
1925 1.48 395 1.96 1950 1.53 4.21 2.06 1975 1.59 432 2.13 2000 1.51 4.20 212

Table 3.2. Time-series data. Annual precipitation in mm per day for the years 1901-2000 for the

three bands: NL, Low, and SL.
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Figure 3.2. Time-series plots. Annual precipitation in mm per day for the years 1901-2000 for the

three bands: (a) NL, (b) Low, (c)SL.
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3.3.2 Analysis of precipitation data

We start with 100 observations VY;,Y,,...,Y;i00, Where Y; represents the annual mean
precipitation in mm per day for the years 1901-2000 for three latitude bands NL, Low, and SL,
so in this case the dimension d = 3 and n = 100. Our null hypothesis is that there is no
change in the mean vector in the data series, while the alternative hypothesis is that a change
in the mean vector has occurred at some unknown point in time, which we call t,, so that

Yi,Yp, Yo _i~fi(uy,3) and Y .Y o4, .., Vigo~f2(12,2). We assume that the data is
independent and normal with Yl-~MVNOrmal(u(i),Z),i =1, ...,n, and that no change occurs

in the variance-covariance matrix, thus we can write out the hypotheses as follows
Hy: ,u(l) e #(n) = 1
Hl:‘u(l) = e = M(Tn_l) = W F ‘u(TTL) = .. = M(n) = Uy

We then take the likelihood approach to hypothesis testing and calculate the likelihood ratio
statistic U,,, its asymptotic theory is presented in Csérgd & Horvath (1997), see Appendix [A.4]
for details. It should be noted that asymptotic theory of the likelihood ratio statistic U,, is quite

robust to departures from the assumptions of both exponentiality and independence. Thus let

z
Un = (T2 log ) = e 1°g<lzj>

Where Xy = ;{Z?ﬂ(yi — W)Y — W)+ I (Vi — )Y — W)Y, iy = ;Z?ﬂ Y;, and

~x 1 n _
u'k_ﬁ i=k+1Yilk_ 1,..,n.
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The asymptotic distribution of W, = (2loglogn U,)? — (2 loglogn + glogloglogn —

2e”

logr(g)) has a double exponential form, lim,,,.., P(W, < w) = e~ W, thus we obtain the

following

d d —w
P {Wn < (2loglogn U,)/? — (2 loglogn + Elog loglogn —logr (E)) = w} ~e2€

Here d represents the number of parameters that change under H,, hence d = 3 when we
consider all three bands, d = 2 when we consider pairs of bands, and d = 1 when we consider

each band individually. We obtain the following test statistic and w values:

Datasets U, w

NL 74.92 12.43
SL 36.13 7.81
Low 6.6 1.79
NLSL 92.09 13.29
NL Low 89.07 13.02
SL Low 38.83 7.41

NL SL Low 104.12 14.02

Table 3.3. Datasets and corresponding test statistic U,, and w values.

Then from the values in Table 3.3 above we obtain the following p-values and change-point

estimates
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Test for change in mean

Datasets T p-value
NL 47 0.0000
SL 45 0.0008
Low 46 0.2829
NL SL 44 0.0000
NL Low 47 0.0000
SL Low 45 0.0012
NL SL Low 46 0.0000

Table 3.4. Datasets and corresponding p-values and change-point estimates 7.

Based on the results shown in Table 3.4 above we may conclude that there is strong evidence
that a change in the mean annual precipitation in the three bands (NL, Low, SL) has occurred at
T = 46. In the bivariate cases we also see that changes occurred at T = 44,47,45. In the
univariate case we detect changes in the NL and SL data series at T = 47,45 but not in the Low

data series.

We must now check our three assumptions: independence, normality, and constant variance-
covariance. To test for independence, we computed the standardized residuals for each of the
series and generated autocorrelation and partial autocorrelation plots. We note no significant
lags. Each pair was then checked for cross-correlations, none were significant. Hence we
conclude that the assumption of independence was not violated. To check for normality
Mardia’s (1970) skewness and kurtosis tests, and Henze-Zirkler’s (1990) t-test were utilized to
check for multivariate normality of the standardized residuals. There were no indications of

violations of the normality assumption.
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Normality Test

Equation Test Statistic Value Prob
NL Shapiro-Wilk W 0.97 0.0617
Low Shapiro-Wilk W 0.97 0. 2604
SL Shapiro-Wilk W 0.96 0. 0475
System Mardia Skewness 17. 54 0. 0632

Mardia Kurtosis -0. 39 0. 6997

Henze-Zirkler T 0.98 0. 3263

And finally, to check for constant variance-covariance structure we calculated deviations from
the (estimated) means for each vector. We then tested for a change in the variance-covariance
matrix X, with the null hypothesis being that the covariance matrix did not change over time,
versus the alternative hypothesis that the covariance matrix did change at some unknown point

of time k. The generalized log-likelihood ratio test statistic is given by

U, = max log —lfnrl
" {<k<n |fk|k flt n—k

where the estimators of the variance-covariance matrix are

n k
- 1
Z(xi - DX - ﬁ)T} B = E{Z(xi - - mT}

- 1
Zn=H

DS

“ik{i (X"‘ﬁ)(xi—ﬁ)T} ﬁ:%i){i

i=k+1 i=1

Note that if we know a change has occurred in the mean at 7,, = t then X; are the deviations

from the mean
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X- — {(Yl _ﬁt)’ i= 1,...,t
¢ (Yl_ﬁ:' i=t+1,...,n

where fI; and {i{ are the estimators of the mean based on the first t and the last n — t values
respectively. If no change in the mean vector has occurred then X; = (Y; — fi,). We obtain the

following results

Datasets U, w

NL 5.20 1.29
SL 1.73 -0.39
Low 8.45 2.39
NL SL 5.93 0.44
NL Low 14.85 2.92
SL Low 8.94 1.42
NL SL Low 17.25 3.63

Table 3.5. Datasets and corresponding test statistic U, and w values.

Test for change in variance

Datasets T p-value
NL 78 0.4240
SL 13 0.7930
Low 71 0.1681
NL SL 78 0.7671
NL Low 71 0.1019
SL Low 71 0.3850
NL SL Low 71 0.0518

Table 3.6. Datasets and corresponding p-values and change-point estimates 7.

~ 0.00083 -—0.00104 -—0.00010
Xi—46 = [—0.00104 0.01397 0.00051
—0.00010 0.00051 0.00580

fi=46 = [1.5019 4.0159 1.9150]
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Mi_46 = [1.5611 4.0778 2.0107]

The mean vectors and the variance-covariance matrix for the three bands [NL, Low, SL] and

T = 46 are shown above.

All the univariate and bivariate tests, shown in Tables 3.5 and 3.6, indicate that the variance
and covariance did not change for the duration of the time series. In the case of all three bands,
the p-value is somewhat small, but still greater than 0.05, thus we conclude that the

assumption of constant variance-covariance was not violated.

We now compute the exact limiting distribution of the change-point mle, using the equations
derived in section 3.2, and also, for comparison purposes, the Cobb (1978) conditional
distribution of the mle (choosing delta that gives us an error rate closest to 10°). See Tables 3.7
and 3.8 below. We note that the limiting distribution of the unconditional mle has a high peak
at zero and tapers off very quickly for the larger n values, and it is still quite peaky for the
smaller, n < 2 values (Low SL, SL). On the other hand, the conditional distribution of the mle
tends to asymmetry (see especially the NL SL bivariate case) and is not as tight around the

peaks at zero, which are also much lower than the ones in the unconditional case.

Thus we have detected a change in mean precipitation, and can with reasonable confidence
suggest that the true change-point lies between the years 1944 and 1948. More specifically, we
have detected a change when considering the data for all three bands simultaneously, any
combination of the two bands, and Northern and Southern Latitude bands individually. We did

not detect a change in the Low Latitudes band, which covers the tropics. We also note that
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when considering the entire data series (NL SL Low) the estimated change-point T=46 gives us a
99% confidence interval of (44, 48) with the standardized amount of change n = 2.72 (see

Table 3.7).

From the available climate literature we found support for change in precipitation at around
that interval of time. Lau and Wu (2006) mention that the studies have shown an increase in
precipitation since the 1950s in high latitudes (which are covered by the NL and SL bands). New
et al. (2001) also state that global land precipitation has gone up over the past century, with a
peak noted in 1950s-1960s. They also mention a large increase in precipitation in the Northern
Hemisphere that may be due to an improved measuring gauge introduced in the 1950s. New et
al. (2001) also state that in the 40-60°S (included in the SL band) below average precipitation
was observed before the 1930s, which was then followed by above average precipitation in the
1930s-1960s. Plummer et al. (1999) assert the same regarding precipitation in New Zealand
(part of the SL band) where more serious droughts were observed in the period from 1920-
1951 than in the subsequently following 30 year period. Qian and Zhu (2001) report that China

experienced high temperatures and periods of below normal precipitation in the 1920s-1940s.

Groisman et al. (1999) investigated climate change in Canada, United States, Mexico, Russia,
China, Australia, Norway, and Poland and state that changes in the (monthly) mean
precipitation are associated with much larger changes in extreme precipitation. Thus an
increase in the mean precipitation is of particular concern as it may indicate an increase in
extreme or heavy precipitation that may lead to floods and other natural disasters, this in turn

can lead to loss of human life and have a negative impact on the economy.
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There may be several reasons why there is a lack of change in the mean tropical precipitation.
First, a large part of the tropics is water (ocean), data from before 1970s, when satellites
started being used to monitor precipitation over the large water areas, is based on land
precipitation data collected by land stations . This data is not necessarily accurate, it is subject
to errors, and since land stations in the tropics are few any errors generated are not minimized
when data is combined with that from other stations. Second, according to various studies (e.g.,
Allen & Ingram (2002); New et al. (2001)) the Low band (24° S to 24° N) covers both areas
where precipitation has increased and areas where precipitation has decreased. For example,
there are some indications that in the 20-40° S band the precipitation has increased, but in the
10° N/S to 20° N/S bands precipitations has decreased. It may be that those changes cancel

each other out and thus no overall change is detected.

In conclusion, being able to identify changes in the precipitation allows for a better
understanding of Earth’s climate system. It allows us to identify changes in the climate that may
be due to human development (e.g., air and water pollution, deforestation) and are not part of
the general climate variation. This will allow scientist to build better climate models, and thus

give better predictions for various climate scenarios.
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NLSL  NLLow  SLLow  NLSLLow NL sL
k n=248 n=240 n=139 n=272 n=211 n=133

-20 0.0001 0.0001
-15 0.0003 0.0005
-14 0.0005 0.0006
-13 0.0007 0.0009
-12 0.0009 0.0012
-11 0.0013 0.0016
-10 0.0018 0.0001 0.0023
-9 0.0026 0.0001 0.0032
-8 0.0001 0.0038 0.0003 0.0046
-7 0.0001 0.0002 0.0057 0.0005 0.0066
-6 0.0003 0.0004 0.0085 0.0001 0.0011 0.0097
-5 0.0008 0.0010 0.0131 0.0003 0.0024 0.0146
-4 0.0021 0.0026 0.0209 0.0011 0.0054 0.0226
-3 0.0064 0.0075 0.0348 0.0038 0.0129 0.0368
-2 0.0214 0.0239 0.0628 0.0151 0.0341 0.0646
-1 0.0887 0.0934 0.1316 0.0750 0.1096 0.1311
0 0.7631 0.7453 0.4338 0.8110 0.6721 0.4108
1 0.0887 0.0934 0.1316 0.0750 0.1096 0.1311
2 0.0214 0.0239 0.0628 0.0151 0.0341 0.0646
3 0.0064 0.0075 0.0348 0.0038 0.0129 0.0368
4 0.0021 0.0026 0.0209 0.0011 0.0054 0.0226
5 0.0008 0.0010 0.0131 0.0003 0.0024 0.0146
6 0.0003 0.0004 0.0085 0.0001 0.0011 0.0097
7 0.0001 0.0002 0.0057 0.0005 0.0066
8 0.0001 0.0038 0.0003 0.0046
9 0.0026 0.0001 0.0032
10 0.0018 0.0001 0.0023
11 0.0013 0.0016
12 0.0009 0.0012
13 0.0007 0.0009
14 0.0005 0.0006
20 0.0001 0.0001

Table 3.7. The unconditional probability distribution of P({.. = k) for the annual mean

precipitation data. n =2.448, 2.40, 1.39, 2.72, 2.11, 1.33.
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NLSL NLLow  SLLow NLSL Low NL SL

delta 12 7 15 8 10 18
epsilon  24E-05 3.3-06 7.9E-05 30E-06 66E-05 1.2E-05
d
-14
-13
-12 0.0003 0.0004
-11 0.0001 0.0002
-10 0.0004 0.0005
9 0.0007 0.0011
-8 0.0105 0.0166
-7 0.0265 0.0493
-6 0.0031 0.0061
5 0.0106 0.0127
-4 0.0003  0.0050 0.0009  0.0038
3 0.0376 00018 00001  0.0433 0.0011
2 0.0137 00087 01634  0.0240 0.0069

-1 0.0003 03024 0.1994 0.0983 0.1250 0.1434

0 0.2733 0.5492 03087 0.4697 0.6514  0.2513
1 0.2425 0.0784 0.0989 0.1735 0.0811  0.0528
2 0.1981 0.0133 0.0137 0.0704 0.0213 0.0111
3 0.1617 0.0031 0.0465 0.0198 0.0249  0.0330
4 0.0591 0.0014 0.0745 0.0008 0.0138  0.0578
5 0.0254 0.0004 0.0078 0.0028 0.0077  0.0102
6 0.0040 0.0001 0.0616 0.0010 0.0042 0.0876
7 0.0194 0.0631 0.0002 0.0003 0.1077
8 0.0118 0.0384 0.0000 0.0006  0.0780
9 0.0041 0.0178 0.0015  0.0565
10 0.0002 0.0016 0.0099
11  0.0001 0.0001 0.0007
12 0.0006
13 0.0002
14 0.0001
15 0.0001
16 0.0000
17 0.0001
18

Table 3.8. The conditional probability distribution, Cobb (1978), of the change-point mle for the

annual mean precipitation data, with error rate around 107,
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3.4 Change-point analysis of the mean annual temperature anomalies data

The univariate dataset we analyze now covers the upper part of the northern hemisphere, 64° -
90° N, we have 60 observations Y;,Y,, ...,Ys9, d = 1 and n = 60, where Y; represents the
annual mean temperature anomalies, relative to the base period 1951-1980, in .01° Celsius. To
be more precise, the anomaly values making up the dataset are the differences from the
corresponding 1951-1980 means. See Figure 3.3 and Table 3.9. While absolute temperatures
may vary a lot over short distances, annual temperature anomalies are representative of much
larger areas, thus working with temperature anomalies is much more valuable. Our purpose in
analyzing this data is to improve existing global climate models and to see if we can detect a
change in the temperature and thus possible effects of global climate change due to man-made
interference. Hansen & Lebedeff (1987) noted several trends in global surface air temperature:
the 1880-1940 warming period, the 1940-1965 cooling period, and the 1965-1985 warming
period. The dataset we have covers the strong cooling period in the upper northern latitudes
(including Alaska, Canada, and Greenland) that the authors mention. Koenker & Schorfheide
(1994) reviewed the cooling period (1940-1965), found by Hansen & Lebedeff (1987), and
obtained statistical evidence that there is a break in the warming trend that is observed in that
interval of time. By applying change-point analysis we wish to determine a better estimate and

confidence interval of when that change took place.

Our null hypothesis is that there is no change in the mean in the temperature anomalies

dataset, while the alternative hypothesis is that a change in the mean only has occurred at
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some unknown point in time, which we call 7, so that Y;,Y,, ...,an_1~f1(u1,02) and
Yo, Yo 410 o, Yeo~f2 (U3, 06%). We assume that the data is independent and normal with

Yi~Normal(u("),02), i=1,..,n, and that no change occurs in the variance, thus we can

write out the hypotheses as follows
Hy: p® == g™ =
Hl:‘u(l) = e = M(Tn_l) = W F ‘u(TTL) = .. = M(n) = Uy

We then take the likelihood approach to hypothesis testing and calculate the likelihood ratio
statistic U,,, its asymptotic theory is presented in Csérgd & Horvath (1997), see Appendix [A.4]

and the previous section 3.3 for more details. We obtain the following results
U, = max (—2logA,) = 20.3953
1<st<n

See Figure 3.4 for the graph of —2logA;,. The Ilimiting distribution of
W, = (2loglogn U,)'/? — (2 loglogn + glog loglogn — log F(g)) has a double exponential
form, lim,_..P(W, <w) = e—Ze_W’ thus we have w = 5.1643 and obtain a p-value of
0.01137. Therefore we reject the null hypothesis and conclude that there is strong evidence
that a change in the mean annual temperature anomalies in the northern hemisphere, 64° - 90°

N, occurred at T = 36 which corresponds to the year 1954, this matches the time interval from

Koenker & Schorfheide (1994)
We now check our three assumptions: independence, normality, and constant variance. To test

for independence, we computed standardized observation and generated autocorrelation and
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partial autocorrelation plots, see Figures 3.5 and 3.6. We note no significant lags. To check for
normality we applied the Anderson-Darling goodness of fit test to the data before and after
change, see Figure 3.7 for results. There were no indications of violations of the normality
assumption. And finally, we tested for a change in the variance, with the null hypothesis being
that the variance did not change over time, versus the alternative hypothesis that the variance
did change at some unknown point of time. See section 3.3 analysis for details, note thatd = 1
in this instance. We then obtained the following results: U, = 10.25701 and w = 2.90349,
hence the p-value equals 0.10386 and we can conclude that the constant variance assumption

was not violated.

lua—p,| _ 147.83+7.46]
- 4257

We then calculate 1 = 1.299 and compute the exact limiting

distribution of the change-point mle, using the equations derived in section 3.2. See Table 3.10
below. Thus we can conclude that the change in the mean of the annual mean temperature
anomalies has occurred between the years 1949 and 1959 with a reasonably high (almost 95%)
level of confidence. We note that this interval falls within the time interval considered by
Koenker & Schorfheide (1994), hence our results agree with their findings and in addition give

us a confidence interval for the time of change.
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Year Temp. Year Temp.

1919 -75 1949 34
1920 26 1950 23
1921 6 1951 13
1922 -15 1952 24
1923 32 1953 102
1924 40 1954 82
1925 -3 1955 -29
1926 50 1956 -6
1927 2 1957 13
1928 72 1958 -18
1929 19 1959 55
1930 66 1960 37
1931 68 1961 -15
1932 46 1962 48
1933 -8 1963 -14
1934 97 1964 -67
1935 39 1965 -30
1936 40 1966 -85
1937 131 1967 38
1938 151 1968 -32
1939 72 1969 -4
1940 100 1970 -21
1941 -6 1971 -13
1942 48 1972 -38
1943 132 1973 13
1944 115 1974 -20
1945 61 1975 17
1946 4 1976 -7
1947 111 1977 18
1948 23 1978 -19

Table 3.9. Annual mean temperature anomalies in .01° Celsius for the years 1919-1978.

Anomaly values indicate the deviations from the corresponding 1951-1980 means.
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Figure 3.3. Annual mean temperature anomalies in .01° Celsius for the years 1919-1978.

Anomaly values indicate the deviations from the corresponding 1951-1980 means.
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Autocorrelation Function for standardized obs.
(with 5% significance limits for the autocorrelations)
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Figure 3.5. Autocorrelation for the standardized observations.

Partial Autocorrelation Function for standardized obs.
(with 5% significance limits for the partial autocorrelations)
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Figure 3.6. Partial Autocorrelation for the standardized observations.
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Probability Plot of before change, after change
Normal - 95% CI
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Figure 3.7. Annual mean temperature anomalies data check for normality. Both p-values (0.493
and 0.326) are large and indicate that we do not have sufficient evidence to reject the null

hypothesis that the data are normal.
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n n=1.299

-10 0.0025
-9 0.0035
-8 0.0050
-7 0.0071
-6 0.0103
-5 0.0154
-4 0.0236
-3 0.0378
-2 0.0654
-1 0.1306

0 0.3988
1 0.1306
2 0.0654
3 0.0378
4 0.0236
5 0.0154
6 0.0103
7 0.0071
8 0.0050
9 0.0035
10 0.0025

Table 3.10. The unconditional probability distribution of P(é.. = n) for the annual mean

temperature anomalies data, 1 = 1.299, given forn = —10, ... + 10.

3.5 Simulations

In this section we will use simulations to investigate the accuracy of the exact limiting
distribution, derived in section 3.2, with respect to various sample sizes, amounts of
standardized change in the mean 7, and locations of the true change-point 7. Furthermore, we
would like to test the robustness of the exact limiting distribution to departures from normality
(i.e., if the family of distributions is not Gaussian), by utilizing the symmetric standardized t,,-

distribution and the asymmetric standardized y2-distribution.
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In addition to the above, we would like to compare our distribution of the change-point mle
with the distribution of the change-point mle proposed by Cobb (1978). Our derived
distribution, based on Hinkley (1970, 1972), depends strictly on the parameters of the
underlying distribution, thus we shall call it the unconditional distribution of the mle. Cobb, on
the other hand, proposed conditioning on a sufficient number of data values to either side of
the change-point in order to derive the distribution of the change-point mle. With §
representing the number of observations around 7,,, the conditional distribution of the change-
point mle would be as follows

A ) ~ pn(Y; f-n + d)
48/ Zg=_5 pn(Y; Ty + d)

P(t,—t, =d|Vs

n-8§+1’ """’

Note that we must have d € {—§, ..., §}, here we chose delta such that the error rate is as close
as possible to 10~ (for 1 = 1.0 the best error rate we actually obtained was near 10'3). See Cobb

(1978) for details on choosing &, the error rate and detailed probability calculations.

We chose the following sample sizes and corresponding change-points for our simulations,

Sample sizes n Change-points T
100 20, 30, 40, 50
60 20, 30

40 20

for each we consider n = 1.0, 2.5, and the following values of the degrees of freedom v for the

t,-distribution (d. f.= v = 5,10, 20) and the y2-distribution (d. f.= v = 1,5, 20).
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We performed 50,000 simulations in each case and the results are presented in the following
Tables 3.11 —3.17. Table 3.11 shows that the Bias for the distribution of the unconditional mle
is very small, in fact it is close to zero for both the normal distribution and the t,-distribution in
all cases except when 1 = 1.0 and the change-point is far away from the center of the dataset,
even then though, the Bias is negligible. In the case of the conditional mle, Cobb (1978), the
Bias is somewhat larger overall, but is still quite small and is not a concern. Looking at the y2-
distribution, we see that the Bias is more significant for both the conditional and unconditional
mle, especially when v = 1. This is not too surprising considering the asymmetry of the

distribution in this case.

The MSE values are fairly close to the theoretical MSE values in almost all cases, they change
only marginally as the change-point moves further away from the center and as the sample size
gets smaller. We do note however that for = 2.5 and the yZ-distribution the MSE values are
significantly different. Comparing the mle and cmle distributions, we see that the cmle

distribution generally has somewhat larger MSE values.

Figures 3.8 (a) and 3.9 (a) show that when the underlying distribution is normal, the simulated
distribution of the unconditional mle clearly matches the theoretical distribution, regardless of
the amount of change. On the other hand, the simulated distribution of the conditional mle
matches the theoretical distribution when the change is large (n = 2.5), but is flatter and more

spread out when the change is small (n = 1.0).
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Figures 3.8 (b, c) and 3.9 (b, c) show that when the underlying (simulated) distribution is central
t, the unconditional distribution is still in fairly close agreement with the theoretical
distribution regardless of the amount of change (1) or the degrees of freedom (v = 5,20). The
simulated distribution of the conditional mle is a fairly close match to the theoretical
distribution when n = 2.5, but when the change is small, n = 1.0 it again, as in the case of the

underlying normal distribution, is flatter and more spread out than the theoretical distribution.

Figures 3.8 (d, e) and 3.9 (d, e) show that when the simulated distribution is y2 the conditional
distribution of the mle is symmetric and closer to the theoretical, and thus performs better,
when the degrees of freedom are small v = 1 (and the x2 distribution is highly asymmetric)
and the change is large, n = 2.5. In this instance the distribution of the unconditional mle is
somewhat skewed to the right. When the degrees of freedom increase to 20 (and the y?2
distribution becomes more bell-shaped and symmetric) with n = 2.5, both the conditional and
unconditional distributions perform quite well. When the change is small, n = 1.0 the
unconditional distribution of the mle is quite close to the theoretical, and the conditional

distribution of the mle is once more flatter and more spread out.

Tables 3.16 and 3.17 give the numerical values for the theoretical and simulated distributions of
the mle under departures from normality, for n = 100 and 7 = 50 with n = 1.0, 2.5, same as the
figures just discussed. In addition, Tables 3.12 — 3.15 give the same values only a for smaller

sample size n = 60 and two different change-points 7 = 20, 30.
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In conclusion, we see that the change-point distribution we derived in section 3.2 is quite
robust to departures from normality as long as the true underlying distribution is bell-shaped
and symmetric, or if the amount of change is large, n = 2.5. And in all cases, except when the
underlying distribution is very skewed and the change is small, the unconditional distribution of

the mle does better than the conditional distribution. This is especially noticeable when the

amount of change is small.
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SET

normal centralt chi-square

5df 10df 20df 1df 5df 20 df
Theor. mle cmle mle  cmle mle ¢ mle mle  cmle mle cmle mle cmle mle cmle
=10 Bias 0.000 0069 0.397 0.081 0.410 0.112 0440 0.118 0441 1.070 1121 0.459 0.659 0.290 0.555
n =100 MSE 26.586 23.206 34.452 22136 34.278 22981 34913 22.988 34545 28.357 45.845 24.584 38.061 24.176 36.804
t=20 n=2.5 Bias 0.000 -0.002 0.014 -0.001 0.016 -0.008 0.012 -0.004 0.011 0.274 0.218 0.191 0.137 0.096 0.082

MSE 0.592 0.602 0.903 0.673 0.977 0599 0927 0597 0914 0.837 1181 0.591 0.968 0.593 0.928

Bias 0.000 0000 0.164 0.079 0.241 -0016 0146 0.033 0.201 1.020 0874 0.453 0.523 0.276 0.364

n =100 MSE 26.586 24.138 37.272 24743 37.705 24.629 37476 24.574 37.108 27.010 43309 25.608 40.118 25.861 39.468
=30 Bias 0.000 0001 0.010 0.005 0.012 -0007 0.005 -0.001 0.005 0.271 0205 0.193 0.131 0.092 0.071
b MSE  0.592 0574 0.878 0674 0.988 0591 0.903 0.589 0.887 0.840 1151 0.601 0.939 0.574 0.889

Bias 0.000 0.012 0.081 0.011 0.069 -0.022 0.064 -0.019 0.056 1.030 0.767 0.460 0.413 0.230 0.249

n =100 MSE 26.586 26.134 38.478 26.000 39.461 25.235 38254 25.060 37.847 26.793 41.736 26.035 39.571 25.587 38.942
=40 Bias 0.000 0.001 0.004 0.007 0.008 0.003 0.008 0.001 0.003 0.273 0201 0.189 0.123 0.086 0.063
n MSE 0.592 0590 0.888 0671 0.972 0604 0910 0.591 089 0.839 1.113 0.602 0.943 0.591 0.895

Bias 0.000 0018 0.016 -0.037 -0.040 0.015 -0.001 0.016 -0.001 1.009 0673 0.418 0.305 0.219 0.160

n =100 MSE 26.586 25.607 38.381 25.143 38.823 25.622 38.638 26.129 39.020 25.996 39.195 26.426 39.215 26.240 39.242
t=50 Bias 0.000 0.000 -0.001 0.001 -0.003 -0.003 -0.003 0.002 0.003 0.271 0200 0.197 0.125 0.103 0.069
b MSE  0.592 0577 0.887 0.671 0.983 0.601 0909 0.570 0.875 0.852 1.125 0.612 0.936 0.599 0.900

Bias 0.000 0.048 0.272 0.103 0.331 0.101 0311 0.070 0.293 0.977 089  0.429 0.538 0.284 0.425

n=60 MSE 26.586 23361 31.990 21.862 31.105 22.888 31.838 22.841 31559 24.933 35109 23.877 33.530 23.173 32.538
=20 Bias 0.000 0.003 0.010 0.005 0.011 -0.003 0.006 0.002 0011 0.273 0207 0.189 0.130 0.088 0.074
MSE 0.592 0566 0.880 0.682 1.003 0601 0918 0.584 0.899 0.833 1184 0.601 0.959 0.581 0.919

Bias 0.000 0041 0.027 0.003 -0.006 0010 -0.001 0.011 0.004 0.914 0569 0.373 0.241 0.181 0.115

n=60 MSE 26.586 23.402 32.923 23.792 32.647 22979 32.893 24.130 33.522 21.791 30.758 23.797 32.510 23.938 33.000
=30 Bias 0.000 -0.008 -0.007 -0.001 0.000 0274 -0.001 -0.002 -0.003 0.276  0.203 0.191 0.122 0.094 0.066
MSE  0.592 0581 0.890 0633 0.948 0837 0907 0.583 0.881 0.869 1170 0.596 0.932 0.589 0.901

Bias 0.000 0.044 0.044 0.021 0.009 0.058 0.031 -0.005 -0.001 0.745 0431 0.317 0.170 0.147 0.073

n=40 MSE 26.586 20.091 24.829 19.193 23.906 19.907 24.671 19.738 24568 17.515 21582 19.813 24.297 20.192 24.638
=20 Bias 0.000 0.000 0.000 -0.005 -0.003 -0.002 -0.002 0.004 0.006 0.277 0.203 0.191 0.127 0.088 0.060
MSE  0.592 0.581 0.885 0.678 0.997 0623 0934 0.593 0894 0.881 1212 0.624 0.965 0.563 0.875

Table 3.11. Bias and MSE for the distributions of mle and cmle of the change-point under normal, t,,, and x2 distributions .
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normal central t chi-square
5 df 10 df 20 df 1df 5df 20 df
Theor. mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle
-20 0.001
-19 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.000 0.001 0.001 0.001 0.001 0.001
-18  0.001 0.002 0.001 0.002 0.001 0.001 0.001 0.002 0.001 0.000 0.001 0.001 0.001 0.001 0.001
-17 0.002 0.002 0.002 0.001 0.002 0.001 0.002 0.002 0.002 0.000 0.001 0.001 0.001 0.001 0.001
-16  0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.000 0.001 0.001 0.002 0.002 0.002
-15  0.002 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003 0.000 0.002 0.001 0.002 0.002 0.002
-14 0.003 0.003 0.004 0.003 0.003 0.003 0.004 0.003 0.004 0.001 0.002 0.002 0.003 0.002 0.003
-13  0.003 0.004 0.005 0.003 0.004 0.003 0.004 0.004 0.004 0.001 0.003 0.002 0.004 0.003 0.004
-12  0.004 0.005 0.006 0.004 0.005 0.004 0.006 0.004 0.006 0.001 0.003 0.003 0.005 0.004 0.005
-11  0.005 0.005 0.007 0.004 0.006 0.005 0.007 0.005 0.007 0.002 0.005 0.004 0.006 0.005 0.007
-10 0.006 0.006 0.009 0.006 0.008 0.006 0.009 0.006 0.009 0.002 0.006 0.005 0.008 0.006 0.009
-9 0.008 0.008 0.011 0.008 0.011 0.008 0.011 0.008 0.011 0.003 0.008 0.006 0.010 0.007 0.011
-8 0.010 0.010 0.014 0.009 0.013 0.010 0.014 0.010 0.014 0.005 0.010 0.008 0.013 0.011 0.014
-7 0.013 0.014 0.018 0.011 0.017 0.013 0.018 0.013 0.018 0.007 0.014 0.012 0.017 0.011 0.017
-6 0.017 0.018 0.023 0.017 0.022 0.016 0.022 0.017 0.023 0.011 0.019 0.016 0.022 0.016 0.022
-5 0.023 0.022 0.029 0.021 0.028 0.022 0.029 0.024 0.029 0.016 0.025 0.022 0.029 0.022 0.029
-4 0.032 0.031 0.038 0.029 0.038 0.031 0.038 0.032 0.039 0.028 0.035 0.031 0.038 0.030 0.038
-3 0.045 0.043 0.052 0.041 0.051 0.042 0.051 0.044 0.052 0.041 0.050 0.044 0.052 0.044 0.052
-2 0.069 0.066 0.073 0.064 0.073 0.067 0.073 0.067 0.073 0.071 0.074 0.069 0.073 0.067 0.073
-1 0.118 0.115 0.108 0.111 o0.110 0.114 0.109 0.113 0.108 0.135 0.115 0.122 0.109 0.120 0.109

0 0.280 0.281 0.175 0.317 0.184 0.292 0.177 0.285 0.176 0.308 0.201 0.283 0.179 0.277 0.175
1 0.118 0.115 0.105 0.109 0.106 0.112  0.105 0.112 0.105 0.105 0.106 0.110 0.105 0.116  0.106
2 0.069 0.068 0.070 0.063 0.070 0.065 0.069 0.067 0.069 0.060 0.067 0.064 0.069 0.065 0.069
3 0.045 0.043 0.049 0.042 0.049 0.043  0.049 0.043 0.049 0.043 0.047 0.043 0.049 0.045 0.050
4 0.032 0.031 0.036 0.028 0.036 0.031 0.036 0.031 0.036 0.030 0.035 0.031 0.036 0.031 0.037
5 0.023 0.022 0.027 0.022 0.027 0.022 0.027 0.023 0.027 0.023 0.027 0.023 0.028 0.023 0.028
6 0.017 0.016 0.021 0.016 0.021 0.017 0.021 0.017 0.021 0.019 0.021 0.017 0.022 0.018 0.022
7 0.013 0.012 0.016 0.013 0.017 0.013 0.017 0.012 0.017 0.014 0.017 0.013 0.017 0.014 0.017
8 0.010 0.011 0.014 0.009 0.013 0.010 0.013 0.010 0.013 0.011 0.014 0.011 0.014 0.011 0.014
9 0.008 0.008 0.011 0.007 0.010 0.008 0.011 0.008 0.011 0.009 0.011 0.009 0.012 0.008 0.011
10 0.006 0.007 0.009 0.006 0.008 0.007 0.009 0.006 0.009 0.008 0.009 0.008 0.010 0.006 0.009
11 0.005 0.005 0.007 0.005 0.007 0.005 0.007 0.006  0.007 0.007 0.008 0.006 0.008 0.006  0.008
12 0.004 0.004 0.006 0.004 0.006 0.004 0.006 0.004 0.006 0.005 0.007 0.005 0.007 0.004 0.006
13 0.003 0.003 0.005 0.003 0.005 0.003 0.005 0.003 0.005 0.005 0.006 0.004 0.006 0.003 0.005
14 0.003 0.002 0.004 0.003 0.004 0.003 0.004 0.003 0.004 0.004 0.005 0.003 0.005 0.003  0.005
15 0.002 0.002 0.003 0.002 0.003 0.002 0.004 0.003 0.004 0.003 0.004 0.003 0.004 0.002 0.004
16 0.002 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003 0.003 0.004 0.002 0.003 0.002 0.003
17 0.002 0.001 0.002 0.002 0.003 0.001 0.002 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003
18 0.001 0.001 0.002 0.001 0.002 0.001 0.002 0.001  0.002 0.002 0.003 0.002 0.002 0.001  0.002
19 0.001 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002 0.002 0.002 0.002  0.002 0.001 0.002
20 0.001 0.001  0.002 0.001  0.002 0.001  0.002 0.001  0.002 0.001  0.002 0.001  0.002 0.001  0.002

Table 3.12. Theoretical distribution of the mle and the simulated distributions of the change-
point mle and cmle under normal, t,,, and x2 distributions when n = 60 and 7 = 20 and for i =

1.0, k =-20, ..., 20.
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normal central t chi-square
5 df 10 df 20 df 1df 5df 20 df
Theor. mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle
-20 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.000 0.001 0.001 0.001 0.001 0.001
-19 0.001 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002 0.000 0.001 0.001 0.001 0.001 0.001
-18  0.001 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002 0.000 0.001 0.001 0.001 0.001 0.002
-17 0.002 0.001 0.002 0.002 0.002 0.001 0.002 0.001 0.002 0.000 0.001 0.001 0.002 0.001 0.002
-16  0.002 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003 0.000 0.002 0.001 0.002 0.001 0.002
-15  0.002 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003 0.000 0.002 0.001 0.003 0.002 0.003
-14 0.003 0.003 0.004 0.002 0.004 0.003 0.004 0.003 0.004 0.001 0.002 0.002 0.003 0.003 0.004
-13  0.003 0.003 0.005 0.003 0.005 0.003 0.005 0.003 0.005 0.001 0.003 0.002 0.004 0.003 0.005
-12  0.004 0.003 0.006 0.004 0.006 0.004 0.006 0.004 0.006 0.001 0.004 0.003 0.005 0.004 0.006
-11  0.005 0.005 0.007 0.004 0.007 0.005 0.007 0.005 0.007 0.002 0.005 0.004 0.007 0.004 0.007
-10 0.006 0.006 0.009 0.006 0.008 0.006 0.009 0.006 0.009 0.002 0.006 0.005 0.008 0.006 0.009
-9 0.008 0.008 0.011 0.007 0.011 0.008 0.011 0.009 0.011 0.003 0.008 0.006 0.010 0.007 0.011
-8 0.010 0.010 0.014 0.010 0.013 0.010 0.014 0.010 0.014 0.005 0.010 0.008 0.013 0.010 0.014
-7 0.013 0.012 0.017 0.013 0.017 0.012 0.017 0.012 0.018 0.007 0.014 0.012 0.017 0.011 0.017
-6 0.017 0.017 0.022 0.015 0.021 0.017 0.022 0.017 0.022 0.010 0.019 0.015 0.022 0.016 0.022
-5 0.023 0.021 0.028 0.021 0.027 0.021 0.028 0.023 0.029 0.016 0.025 0.021 0.028 0.022 0.028
-4 0.032 0.031 0.038 0.028 0.036 0.031 0.038 0.030 0.038 0.025 0.034 0.030 0.037 0.031 0.038
-3 0.045 0.044 0.051 0.040 0.050 0.044 0.051 0.043 0.051 0.041 0.049 0.047 0.051 0.043 0.051
-2 0.069 0.067 0.072 0.063 0.071 0.065 0.072 0.067 0.072 0.071 0.073 0.070 0.073 0.071 0.073
-1 0.118 0.112 0.106 0.110 0.109 0.114 0.108 0.113 0.107 0.138 0.115 0.121 0.109 0.117 0.108

0 0.280 0.281 0.175 0.315 0.184 0.294 0.177 0.284 0.174 0.307 0.203 0.282 0.180 0.282 0.176
1 0.118 0.114 0.107 0.112 0.109 0.114 0.107 0.114 0.106 0.107 0.109 0.109 0.106 0.110 0.106
2 0.069 0.070 0.073 0.063 0.071 0.064 0.071 0.066 0.072 0.063 0.069 0.064 0.070 0.066 0.072
3 0.045 0.045 0.052 0.042 0.051 0.042 0.051 0.043 0.051 0.042 0.048 0.044 0.050 0.044 0.050
4 0.032 0.031 0.038 0.030 0.037 0.031 0.037 0.030 0.037 0.030 0.035 0.031 0.037 0.031 0.037
5 0.023 0.023 0.029 0.022 0.028 0.023 0.028 0.021 0.028 0.023 0.027 0.024 0.028 0.023 0.028
6 0.017 0.017 0.022 0.015 0.021 0.016  0.022 0.018 0.022 0.018 0.021 0.019 0.022 0.017 0.022
7 0.013 0.012 0.017 0.012 0.017 0.012 0.017 0.013 0.018 0.015 0.017 0.013 0.018 0.013 0.017
8 0.010 0.010 0.014 0.010 0.013 0.010 0.014 0.010 0.014 0.012 0.014 0.011 0.014 0.010 0.014
9 0.008 0.007 0.011 0.008 0.011 0.008 0.011 0.008 0.011 0.009 0.011 0.009 0.012 0.008 0.011
10 0.006 0.007 0.009 0.006  0.009 0.006  0.009 0.006 0.009 0.008 0.010 0.007 0.009 0.007 0.009
11 0.005 0.005 0.007 0.004 0.007 0.005 0.007 0.005 0.007 0.007 0.008 0.005 0.008 0.005 0.008
12 0.004 0.004 0.006 0.004 0.006 0.005 0.006 0.004 0.006 0.005 0.007 0.004 0.006 0.005 0.006
13 0.003 0.003 0.005 0.003 0.005 0.003 0.005 0.004 0.005 0.004 0.005 0.004 0.005 0.004 0.005
14 0.003 0.002 0.004 0.002 0.004 0.003 0.004 0.003 0.004 0.004 0.005 0.003 0.004 0.003  0.004
15 0.002 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003 0.003 0.004 0.003 0.004 0.003 0.004
16 0.002 0.002 0.003 0.002 0.003 0.001 0.003 0.002 0.003 0.004 0.004 0.002 0.003 0.002 0.003
17 0.002 0.001 0.002 0.001  0.002 0.002 0.002 0.002  0.002 0.003 0.003 0.002 0.003 0.002 0.003
18 0.001 0.001 0.002 0.001 0.002 0.001 0.002 0.001  0.002 0.002 0.003 0.002 0.002 0.002  0.002
19 0.001 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002 0.002 0.002 0.002  0.002 0.001 0.002
20 0.001 0.001  0.001 0.001  0.001 0.001  0.001 0.001  0.001 0.002  0.002 0.001  0.002 0.001  0.001

Table 3.13. Theoretical distribution of the mle and the simulated distributions of the change-
point mle and cmle under normal, t,,, and x2 distributions when n = 60 and 7=30 and for 7 =

1.0, k =-20, ..., 20.
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normal central t chi-square
5 df 10 df 20 df 1df 5df 20 df
Theor. mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle
-20 0.000
-19 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-18  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-17 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-16 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-15  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-14  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-13  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-12 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-11  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-10 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-9 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-8 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-7 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-6 0.000 0.000 0.000 0.001 0.001 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-5 0.001 0.001 0.001 0.001 0.002 0.001 0.001 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.001
-4 0.002 0.002 0.003 0.002 0.004 0.003 0.003 0.002 0.003 0.000 0.001 0.000 0.001 0.001 0.002
-3 0.006 0.006 0.009 0.007 0.010 0.006 0.010 0.006 0.009 0.000 0.003 0.000 0.004 0.003 0.007
-2 0.021 0.020 0.030 0.017 0.027 0.020 0.030 0.020 0.029 0.000 0.013 0.003 0.019 0.013 0.025
-1 0.088 0.086 0.115 0.069 0.103 0.080 0.112 0.086 0.116 0.000 0.070 0.033 0.099 0.071 0.110

0 0.767 0.769 0.679 0.800 0.703 0.780 0.686 0.772  0.681 0.855 0.739 0.821 0.699 0.779  0.682
1 0.088 0.087 0.115 0.072  0.105 0.079 0.110 0.083 0.113 0.083 0.102 0.095 0.115 0.093 0.117
2 0.021 0.021 0.031 0.019 0.028 0.020 0.030 0.021 0.031 0.032 0.036 0.028 0.035 0.026  0.035
3 0.006 0.006 0.010 0.007 0.010 0.006 0.010 0.006 0.010 0.015 0.016 0.011 0.014 0.008 0.012
4 0.002 0.002 0.004 0.003 0.004 0.002 0.004 0.002 0.004 0.007 0.008 0.005 0.006 0.004 0.005
5 0.001 0.001 0.001 0.001  0.002 0.001 0.002 0.001  0.002 0.004 0.004 0.002 0.003 0.001  0.002
6 0.000 0.000 0.001 0.000 0.001 0.000 0.001 0.000 0.001 0.002 0.002 0.001 0.001 0.001 0.001
7 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0.001 0.000 0.001 0.000 0.000
8 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.001  0.001 0.000 0.000 0.000 0.000
9 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0.001 0.000 0.000 0.000 0.000
10 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
11 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
12 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
13 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
14 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
15 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
16 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
17 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
18 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
19 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
20 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.000 0.000 0.000  0.000

Table 3.14. Theoretical distribution of the mle and the simulated distributions of the change-
point mle and cmle under normal, t,,, and x2 distributions when n = 60 and 7=20 and for 7 =

2.5, k=-20,..,20.
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normal central t chi-square
5 df 10 df 20 df 1df 5df 20 df
Theor. mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle
-20 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-19 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-18  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-17 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-16 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-15  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-14  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-13  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-12 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-11  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-10 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-9 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-8 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-7 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-6 0.000 0.000 0.000 0.001 0.001 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-5 0.001 0.001 0.001 0.001 0.002 0.000 0.001 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.001
-4 0.002 0.002 0.003 0.002 0.004 0.000 0.003 0.002 0.003 0.000 0.001 0.000 0.001 0.001 0.002
-3 0.006 0.007 0.010 0.006 0.010 0.000 0.010 0.006 0.010 0.000 0.003 0.000 0.005 0.003 0.007
-2 0.021 0.021 0.031 0.020 0.028 0.000 0.030 0.020 0.031 0.000 0.013 0.002 0.019 0.013 0.026
-1 0.088 0.086 0.116 0.072 0.105 0.000 0.114 0.083 0.114 0.000 0.069 0.033 0.099 0.070 0.109

0 0.767 0.769 0.677 0.798 0.701 0.856 0.684 0.775 0.682 0.855 0.742 0.821 0.701 0.780 0.683
1 0.088 0.085 0.115 0.070 0.104 0.080 0.112 0.082 0.113 0.083 0.102 0.094 0.114 0.092 0.117
2 0.021 0.021 0.030 0.019 0.029 0.032 0.030 0.021 0.030 0.032 0.036 0.029 0.035 0.025 0.034
3 0.006 0.006  0.009 0.007 0.010 0.015 0.010 0.006 0.010 0.013 0.015 0.012 0.014 0.010 0.013
4 0.002 0.002 0.003 0.003 0.004 0.007 0.003 0.002 0.003 0.008 0.008 0.004 0.006 0.004 0.005
5 0.001 0.001 0.001 0.001  0.002 0.004 0.001 0.001 0.001 0.004 0.004 0.002 0.003 0.001  0.002
6 0.000 0.000 0.000 0.000 0.001 0.002 0.001 0.000 0.000 0.002 0.002 0.001 0.001 0.001 0.001
7 0.000 0.000 0.000 0.000 0.000 0.001 0.000 0.000 0.000 0.001 0.001 0.000 0.001 0.000 0.000
8 0.000 0.000 0.000 0.000 0.000 0.001 0.000 0.000 0.000 0.001  0.001 0.000 0.000 0.000 0.000
9 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
11 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
12 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
13 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
14 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
15 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
16 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
17 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
18 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
19 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
20 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.000 0.000 0.000  0.000

Table 3.15. Theoretical distribution of the mle and the simulated distributions of the change-
point mle and cmle under normal, t,,, and x2 distributions when n = 60 and 7=30 and for 7 =

2.5, k=-20,..,20.
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chi-square central t normal
1df 5 df 20 df 5df 10 df 20 df
Theor. mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle
-20 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-19 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-18  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-17 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-16 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-15  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-14  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-13  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-12 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-11  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-10 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-9 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-8 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-7 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
-6 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0.001 0.000 0.001 0.000 0.000 0.000 0.001
-5 0.001 0.000 0.000 0.000 0.000 0.000 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001
-4 0.002 0.000 0.001 0.000 0.001 0.001 0.002 0.003 0.004 0.003 0.004 0.002 0.003 0.002 0.004
-3 0.006 0.000 0.003 0.000 0.005 0.003 0.007 0.006 0.010 0.006 0.010 0.006 0.009 0.006 0.010
-2 0.021 0.000 0.012 0.003 0.020 0.011 0.025 0.019 0.029 0.020 0.030 0.020 0.030 0.021 0.031
-1 0.088 0.000 0.074 0.033 0.101 0.070 0.111 0.071 0.105 0.078 0.112 0.083 0.114 0.086 0.116

0 0.767 0.859 0.741 0.818 0.696 0.779  0.682 0.797 0.698 0.784 0.686 0.776  0.682 0.766  0.676
1 0.088 0.081 0.100 0.095 0.115 0.094 0.117 0.072 0.107 0.079 0.112 0.083 0.114 0.088 0.117
2 0.021 0.030 0.035 0.031 0.037 0.027 0.034 0.019 0.029 0.019 0.029 0.020 0.031 0.021 0.031
3 0.006 0.014 0.016 0.011 0.014 0.008 0.012 0.006  0.009 0.007 0.010 0.006 0.010 0.005 0.009
4 0.002 0.007 0.007 0.005 0.006 0.004 0.005 0.002 0.003 0.002 0.004 0.002 0.003 0.002 0.003
5 0.001 0.004 0.004 0.002 0.003 0.001 0.002 0.001  0.002 0.001  0.001 0.001 0.001 0.001 0.001
6 0.000 0.002 0.002 0.001 0.001 0.001 0.001 0.001 0.001 0.000 0.001 0.000 0.000 0.000 0.001
7 0.000 0.001 0.001 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
8 0.000 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
9 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
11 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
12 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
13 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
14 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
15 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
16 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
17 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
18 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
19 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
20 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000  0.000 0.000 0.000 0.000 0.000 0.000  0.000

Table 3.16. Theoretical distribution of the mle and the simulated distributions of the change-
point mle and cmle under normal, t,,, and x2 distributions when n = 100 and 7 = 50 and for i =

2.5, k=-20,..,20.
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chi-square central t normal
1df 5 df 20 df 5df 10 df 20 df
Theor. mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle mle cmle
-20 0.001 0.000 0.001 0.000 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001
-19 0.001 0.000 0.001 0.001 0.001 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002
-18  0.001 0.000 0.001 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002
-17 0.002 0.000 0.001 0.001 0.002 0.001 0.002 0.002 0.002 0.001 0.002 0.001 0.002 0.001 0.002
-16  0.002 0.000 0.002 0.001 0.002 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003
-15  0.002 0.000 0.002 0.001 0.003 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003
-14 0.003 0.001 0.003 0.002 0.003 0.002 0.004 0.003 0.004 0.003 0.004 0.002 0.004 0.002 0.004
-13  0.003 0.001 0.003 0.003 0.004 0.003 0.005 0.003 0.005 0.003 0.005 0.004 0.005 0.003 0.005
-12  0.004 0.001 0.004 0.003 0.005 0.004 0.006 0.004 0.006 0.003 0.006 0.004 0.006 0.004 0.006
-11  0.005 0.001 0.005 0.004 0.007 0.004 0.007 0.005 0.007 0.005 0.007 0.005 0.007 0.004 0.007
-10 0.006 0.002 0.007 0.005 0.008 0.005 0.009 0.006 0.009 0.006 0.009 0.006 0.009 0.006 0.009
-9 0.008 0.003 0.009 0.006 0.010 0.007 0.011 0.007 0.011 0.008 0.011 0.007 0.011 0.008 0.011
-8 0.010 0.005 0.011 0.008 0.013 0.009 0.014 0.010 0.014 0.010 0.014 0.010 0.014 0.010 0.014
-7 0.013 0.007 0.015 0.011 0.017 0.012 0.017 0.013 0.017 0.012 0.017 0.013 0.017 0.013 0.018
-6 0.017 0.011 0.020 0.016 0.022 0.017 0.022 0.015 0.022 0.016 0.022 0.017 0.022 0.017 0.023
-5 0.023 0.016 0.027 0.023 0.029 0.021 0.029 0.020 0.028 0.022 0.029 0.021 0.029 0.023 0.029
-4 0.032 0.024 0.036 0.029 0.038 0.032 0.039 0.029 0.037 0.029 0.038 0.031 0.038 0.031 0.038
-3 0.045 0.039 0.051 0.044 0.052 0.044 0.052 0.041 0.050 0.044 0.052 0.043 0.052 0.045 0.052
-2 0.069 0.071 0.074 0.071 0.073 0.068 0.073 0.062 0.072 0.066 0.072 0.065 0.072 0.067 0.073
-1 0.118 0.134 0.114 0.118 0.108 0.117 0.107 0.109 0.108 0.114 0.107 0.114 0.107 0.116 0.106

0 0.280 0.313 0.191 0.281 0.172 0.281 0.170 0.320 0.178 0.292 0.171 0.287 0.170 0.280 0.169
1 0.118 0.108 0.107 0.108 0.105 0.111  0.105 0.109 0.107 0.111 0.106 0.113 0.106 0.113 0.106
2 0.069 0.062 0.070 0.068 0.071 0.067 0.071 0.061 0.071 0.067 0.072 0.066 0.072 0.068 0.072
3 0.045 0.042 0.049 0.044 0.051 0.043 0.051 0.041 0.050 0.043 0.051 0.044 0.051 0.043 0.052
4 0.032 0.028 0.035 0.030 0.038 0.030 0.038 0.029 0.037 0.030 0.038 0.031 0.038 0.030 0.038
5 0.023 0.024 0.027 0.023 0.029 0.023 0.029 0.021 0.028 0.020 0.029 0.022 0.029 0.023 0.029
6 0.017 0.018 0.021 0.017 0.022 0.018 0.022 0.017 0.022 0.017 0.022 0.017 0.023 0.017 0.022
7 0.013 0.014 0.017 0.014 0.018 0.013 0.017 0.012 0.017 0.014 0.018 0.013 0.018 0.012 0.017
8 0.010 0.012 0.014 0.011 0.015 0.010 0.014 0.009 0.013 0.010 0.014 0.010 0.014 0.009 0.014
9 0.008 0.009 0.012 0.009 0.012 0.009 0.012 0.007 0.011 0.008 0.011 0.008 0.011 0.008 0.011
10 0.006 0.007 0.009 0.007 0.010 0.007 0.009 0.006 0.009 0.006  0.009 0.006 0.009 0.006 0.009
11 0.005 0.007 0.008 0.006 0.008 0.006 0.008 0.005 0.007 0.005 0.007 0.005 0.007 0.006  0.007
12 0.004 0.006 0.007 0.004 0.006 0.005 0.006 0.004 0.006 0.004 0.006 0.004 0.006 0.004 0.006
13 0.003 0.005 0.006 0.004 0.005 0.003 0.005 0.003 0.005 0.003 0.005 0.003  0.005 0.003 0.005
14 0.003 0.004 0.005 0.003 0.004 0.003 0.004 0.002 0.004 0.002 0.004 0.002 0.004 0.002 0.004
15 0.002 0.003 0.004 0.003 0.004 0.003 0.004 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003
16 0.002 0.003 0.004 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003 0.002 0.003
17 0.002 0.003 0.003 0.002 0.003 0.002 0.003 0.002  0.002 0.002  0.002 0.002 0.002 0.002  0.002
18 0.001 0.002 0.003 0.002  0.002 0.001 0.002 0.001  0.002 0.001 0.002 0.001  0.002 0.001  0.002
19 0.001 0.001 0.002 0.002 0.002 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002 0.001 0.002
20 0.001 0.002  0.002 0.001  0.002 0.001  0.002 0.001  0.001 0.001  0.001 0.001  0.001 0.001  0.001

Table 3.17. Theoretical distribution of the mle and the simulated distributions of the change-
point mle and cmle under normal, t,,, and x2 distributions when n = 100 and 7 = 50 and for i =

1.0, k =-20, ..., 20.
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The following Figures 3.2 (a) —(e) show the theoretical distribution of the mle (under normal
distribution) and the simulated distributions of the change-point mle and cmle under normal,

t,, and yZ distributions when n =100 and 7 = 50 and forn=2.5, k = -8, ..., 8.
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Figure 3.8 (a). Theoretical distribution of the mle (under normal distribution) and the simulated
distributions of the change-point mle and cmle under normal distribution when n=100and 7 =
50 and for n=2.5.
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Figure 3.8 (b). Theoretical distribution of the mle (under normal distribution) and the simulated
distributions of the change-point mle and cmle under t, when n =100 and 7 = 50 and for n=2.5
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Figure 3.8 (c). Theoretical distribution of the mle (under normal distribution) and the simulated
distributions of the change-point mle and cmle under t, when n =100 and 7 = 50 and for n=2.5

143

www.manharaa.com




1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0
8 -7 6 5 4 3 -2 -1 0 1 2 3 4 5 6 7 8

— Theoretical = = chi-square 1df mle ~ =+=eee+ chi-square 1df c mle

Figure 3.8 (d). Theoretical distribution of the mle (under normal distribution) and the simulated
distributions of the change-point mle and cmle under y2 when n = 100 and 7 = 50 and for n=2.5

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

Theoretical == = chi-square 20dfmle  «s+=+--* chi-square 20dfc mle

Figure 3.8 (e). Theoretical distribution of the mle (under normal distribution) and the simulated
distributions of the change-point mle and cmle under y2 when n = 100 and 7 = 50 and for n=2.5
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The following Figures 3.3(a) —(e) show the theoretical distribution of the mle (under normal
distribution) and the simulated distributions of the change-point mle and cmle under normal,

t,, and yZ distributions when n =100 and 7 = 50 and forn=1.0, k = -8, ..., 8.
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Figure 3.9 (a). Theoretical distribution of the mle (under normal distribution) and the simulated
distributions of the change-point mle and cmle under normal distributions when n =100 and
=50 and for n=1.0
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Figure 3.9 (b). Theoretical distribution of the mle (under normal distribution) and the simulated
distributions of the change-point mle and cmle under t,, when n =100 and 7 = 50 and for n=1.0
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Figure 3.9 (c). Theoretical distribution of the mle (under normal distribution) and the simulated
distributions of the change-point mle and cmle under t, when n =100 and 7 = 50 and for n=1.0
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Figure 3.9 (d) Theoretical distribution of the mle (under normal distribution) and the simulated
distributions of the change-point mle and cmle under y2 when n = 100 and 7 = 50 and for n=1.0
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Figure 3.9 (e). Theoretical distribution of the mle (under normal distribution) and the simulated
distributions of the change-point mle and cmle under y2 when n = 100 and 7 = 50 and for =1.0
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APPENDIX

A.1 J-fold convolution densities

The following is based on Chapter 7 of the “Introduction to Probability” by Charles M. Grinstead

& J. Laurie Snell, and on Killmann & Collani (2001).

Let us consider j independent continuous random variables X;, X5, ..., X; with the same
densities, fx, = fx, = = fXj, then the sum §; = X; + X, + --- +X; will have the following

density

fs,;00 = (i, * fr, * ot fr}) @) = () @)
that is a j-fold convolution.

Exponential distribution case.

-vq

ev1-v2" we have an exponential probability density function with

VU1

In the case where fy = —
1—v2

E(X) = e Sl )

U1

Then the j-fold convolution density fsj(x) will be as follows

vy ev;’};zx( vy x)j—1
U — U —Vp
(x) =

For example, in the case where j = 2 we will have the following density
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fs, (x) = f fx (x — xz)fxz (x2) dx;

evi—vz —— et dx,

X
_ f Y1 L (x-x;) V1 —
0 171 - 172 v1 - 172

: 2
v —V1
171 - vz
0

Note that
ij = fS]'_l * fX
Uniform [a, b] distribution case.

In the case where fy ~Uniform [a, b] is has been determined that the j-fold convolution

density fsj (x) will be as follows

7(j,x)
1 i -
00 = ==y 2, OV () e k- @) ja<x <
k=0
0, otherwise

where 7i(j, x) = [%] is the largest integer less than J;J_i
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If we let a = 0 then we will have the case where fy ~Uniform [0, a] and the j-fold

convolution density fS]. (x) will be

(j %) _
_ Z (—1)* (J)(x— kb)Y, 0 < x < jb
fs;(x) =1 (=D () & k ’
0, otherwise
Giving us the probability
(0, x<O0
! ) no %) .
_ —1Dk(/ — kb)) ;
Fs,(x) = ”,bj 2, (-1) (k) (x—kb)), 0<x<jb

kl, x> jb

where 7i(j, x) = [g] is the largest integer less than g.

If we leta = 0,b = 1, we will have the case where fy ~Uniform [0,1], and the density

1,0<x<1
0, otherwise

fX1={

, then the j-fold convolution density fsj(x) will be as follows

1 o j __ '
0 =GV ) &0 0 <)

otherwise.
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A.2 Determination of u;(dx) for P(§,, = —k), k> 0

Let
ur(dx) = P(Sy € dx,T{ > k)
Then
Up(x) = P(Sx > x, Ty > k), x>0

is the probability that the first time the random walk S;, enters (—0, 0) is after the Kt step,
with ladder height at that K step being greater than x, and k = 1.For k = 2, and u;, (dx) =

P(Sy € dx, T > k) as defined in (2.3.15) we can obtain the following expression

dx [ﬂk (x) — Up_q (x + log Z—j)] (A.2.1)

%1

u(dx) =

U1 2
Once we have determined an expression for i, (x), we just need to find the subsequent
differences &, (x) — t_q (x + logz—z) to obtain the needed expressions for u; (dx), k = 2. We
1

can see that 4, (x) in above is obtained via the following steps

v
up(x) =E [I (Xk >x—=Sp_1,X — Sp_1 > logv—Z,Tf >k — 1)]
1

%
+E [1 (Xk >x—Sp_1,x =851 < logv—Z,T{ >k — 1)]
1

v
x—log?
1

-vq

—logl2 Y1 v
= ev1—vz(x logvl) f em—vzy(ﬁk_l(dy)) + Up_y (x —log U_2>
1

0
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Taking the derivative will give us (4. 2.1).
Expressions for 2 (x) and u, (dx)
Let k = 1, then recalling (2.2.4)

1
U2 \v1i-v; LAt s rx—lo Y2

P(X>x)= (—) ev1v2 = evi—v2l° ol x > og
U1

Uy

%1

we have
_ __vl[x_logv_Z]
U (x) =P(S;>x,T{ >1) =P(S; >x) =PX; >x) =ev1™ 2 V1
PX,<x)=1-PX;>x)=1-1u,(x)
d B d
a(l - ul(x)) = —auﬂx)
= ! eV1_—1172[ ng_i
U1 — 7V
and thus
% v
u;(dx) = dx ! evl—'l’z [x_log”_i
U1 — 7V
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Expressions for o, (x), t, (x) — ty_1 (x + logZ—z), and u; (dx) fork > 2
1

Uy(x) =P(S, >x,T; >2)=P(5,>0,S5,>x)=P /\Sj >0,5,>x
j<2

52 =51+Xzandthu5(52>x)= (51+X2>x)= (Xz > X — Sl)

1%
=E[I(X2 >x—S,x—5 > logv—z,Sl > 0)]
1

%
+E [1 (Xz >x—S,x—5 < logv—z,Sl > 0)]
1

—log%2
x logv1
U V2 U v
x—log=*= — . 2
= evl‘vz[ o, J evl‘vzy(—u1 (dy)) + Uy (x —log v_)
1
0

-V _ 77_2 V. v (%
= e"f"z[x 210gv1] {v 1v (x — log v_z)} +u (x —log v_z)
1~ V2 1 1

Then after taking the derivative, or applying (4. 2.1) directly we obtain the form

u,(dx) = dx

— {ﬁz (x) —uy (x —log z—i)}

1 2

Then to find the expression needed to determine P(¢,, = k), k < 0 we calculate

U, (x) — Uy (x —log %) =
1
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V1 [y _210gY2 v v
2
—_ evl—vz[x logvl {—1 (x - log _2)}
V14— Vy 121

And thus

= eV1~ V2

Then

u,(dx) = dx

e el )

171 _172

us(x) = P(S3 > %, Tr >3) = P /\Sj 50,5, > x
j<3

—E|I[X;>x—S,x 52>log( )/\S >0
j<3

+E|I| X3>x—5,,x— Sz<log( )/\S >0

j<3

x— logv—2

V1

= ev:—Vz[ togg:] J ePiv Y (~uy(dy)) + 1 (x — log )

—2{x-310g72 (v 11 v, [x — 2log _]) (%1172 log z_:)z
2! 2!

Uy
+u2(x—logv)
1
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V1

— 2
SR - )

2! 2!
And thus
Ve —v v 2
_ —2log—= _110 _2)
_ U (x-310g12 (vl—v [ = 210g D ( =, %97,
uz(dx) = dx — ev1 ”2( ) 5 T
k=4

Uy(x) =P(S, >x,Tf >4)=P /\Sj >0,5,>x

j<4

=FE|I X4_>x 53,x—S3>l0g( )AS >0

j<4

+E|I X, > x-Sy x— S3<log( )/\S >0

j<4

v
x—logv—i

—Vq _ v — v
_ evil*too] f evi=v2” (—uy(dy)) + 13 (x — log v—z) =
1
0
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Then
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And

3

V1 —2v,
vy (L vy — x — 3log —=—log
uy(dx) = dx — ev1—172(x 4109171) (vl V2 [ 5 D ( vél U1)
— vy 2
_(vl_vzlogvl) ( - [x—lo 2)
2! v — v, 90,
k=5
ﬁ5(x)=P(SS>er1_>5)=P /\SJ>O,55>X
j<5
—E|I| X >x—5S,x S4>log( ) /\5 >0
j<5
+E|I| X5 >x—S4,x — S4<log< ) /\S >0
j<5
1‘71 _ ﬁ 4 _3171 ﬁ 4
s |G teow]) =it s)
= eV1— V2 1 2 _ I

(s tog %) ([ — 209 2])” (2 tog 22)'
2! 2! + 212!

3

2171
) (g e )
3! v — vy 9%, 4 95,
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_ 4
o osnt) | o 400 ]) (20 )
| 4! 41

2
<v1_1}1vz log (:%)) (v1 L [x — 2log —D ( _flvz log :%)4

21 21 2121
)
_\WimV " ( V1 [x—lo 2)
3' ’Ul —_ v2 g vl
Thus,
vy 3v, 4
YL (5510972 (v —v[x_4l09 D ( —vlgv)
us(dx) = dx v, —1v2 eevl—vz(x Slog”l) L 7 24! :
(—_171 lo ﬁ)2( Y1 [x —2lo ﬁ])2 (_—v1 lo ﬁ)4
V1~V gv1 V1 — 1y gv1 v — Uy gvl
- 2! 2! * 212!
2V, Uy
_(vl_UZIg ) ( - [X—lo 2])
3! U= I L1
k=6

To(x) = P(Sg > x, TS > 6) = P(/\Sj > 0,5, > x) -

j<6
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=E

I<X6>x Se x — S5>log< )/\5 >0>‘

j<6

+E

,<X6>x_35, s <top(2 )/\5>0>]

j<6

— e”1_l]1172 (x—6logZ—i) %

2
I(VI v_l 7z [x ~ o z_i])s _ (vl_flvz tog Cj—i)) (171 v—l U, [x ~ 3log %])3

| > 2! 31
\

— 3
(% log z—i) (vlv [x — 2log —])

3! 2!
(2100 %) (g0 )
_ W7V Ui/ \V1 —Vp 121
4! 1!

_ (v1 - 172 lOg vl) ( 171 [
212! v,

Uy & 2 —21)1 & 3
2 (vl - 172 lOg vl) (171 —_ 172 lOg vl) ‘Uz
* 2! 31 +Us (x — log )

Note that
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Thus,

(0]
B 2! 3!
(2109 2) (525 - 2109 )
v —v, ) vy -, v
3! 2!
_ 4
(525 t09) (572, [~ tos )
4! 1!
- v\* —4v, vy 5
_ (”1 - Zz; Z‘g v1) (vlifvz [x _ logz_j ) _ (v1 - véf"g vl)
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A.3 Calculationsof P(§,, =n), n <0

We wish to evaluate the following

[ee)

PG =) = A= 16D | ap = [ PO > 0P € duTr > 1nl) |, n<0

ot

[o0)

P(6 = 1) = (1= 16, 1D | g — j P(MS, > 0)P(Sy € dx, TT > n)

0+
=@ -GiID| gn— | PM% > x)u,(dx) |, n>0
0+
We know that
Uy UV, V1=V
G. || =— d (1-]c =1—-——=
6.0 =2 and (=16, D =12 ==
and
an— [ PO > xun(an) =
0+
\Y \ - —1)i r \Y \Y i V2 (iii100Y2
— (1+ 2 log_z)z( . ) ] ( 2 (X+110g_2)> eVI_VZ(X+110gV1) un(dx)
vi—vVvy TVl o [\Vi— V2 \'2]
1=0 —1logv—i
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The following is then the expression for the asymptotic distribution of £, when n < 0, also

shown in (2.3.19)

v, — v
P(6 = —m) = 221
U1
% v (=1 [ %
ro) Y S8 [ (e
Vi—Vy Vi il Vi — Vy
1=0 —ilogz—i
v\ Y2 (yrilog?2
+110gv—2)> evl‘Vz(X+llogV1)l u,(dx), n>0 (A.3.1)
1

Below we will show the calculations used to obtain the final form for the probabilities

P(é, =—n), n=1,2,3,4,5,and 6. See Appendix [A.3] for calculations of u, (dx).

v

-vq _ V2
> e"l-vz[x log("l)], see Appendix [A.2] for details.

Note that u,(dx) = dx

V1=V
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Uy
—ilog?
1

E;Z[xﬂlog( ) (l+1)log( )]dx

V2
letu= x+ilog— du=dx
Vi

V2 g V2 oV
x = —ilog— u= —ilog—+ilog—=20
\Z] \'Z1 \'Z1

-t S R e il

v1

i ;| ® (i+1);
=(1+ log —= )Z( 1)( = )lJue i @) gy
Vi —Vy 1~ V2
0
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L
- V2 —Vy V1

0

Note that fooo x" e Xdx = (n—1)! =T'(n)

= (1 +V V_Vz log— )(vz)vl_vzz( 2k ( V_ZVZ (%)171%2)1 a{n

Applying X 720(-1)/x/ = ﬁ (geometric series)

Vi
_ (1 + V2 lnvz) (VZ)VI_VZ 1
= =) (= =
ViV, V1 V1 Vo Va2 \vi-v,
1+ (v1 -V, (v_l)

Thus finally we have

Vi

vV vV Vo\v,—v

() ()
V1=V Vi/\Vg

V1
V2 V_Z V1—V2
<1 + Vi —V;y (Vl) )

P(Eoo=_1)=

n=2

From Appendix [A.2] we know

u,(dx) = dx

e )
U1 — U1 — %1

which we then substitute into (4. 3.1) to obtain
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P(§w = —2) = vl; i (1

U1 =V U1 —Vy
%)
logvl)}]dx
\ - —1)i \% 1 r
= () Y S ) [ G
2 1/ b 1 2 —llogz—i

. Vol —(x+ilog2) —U(i+2)logl2 U1 . A\ V2
+1log—) e ( g"l)e"l‘vz For l—=—(x + ilog—= — ilog—=
V1 — vz V1 V1

Vi
V2
logVI)}]dx
v 2 (=) v S (1+2) 2
(10 ) ()Y S () (T (s
1 2 1/ \V1 —Vp — L Vi —V %1

Uy
~ilog;2
1

i
+ilog::—2) e ~(x+itosg} )(x+1log——(1+1)log )d
1

V2
letu= x+ilog— du=dx
Vi

- (o) ) S 2 (2 ) o

i=0

. V2
-({+1) log—) du =
Vi
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Note that fooo x"leXdx = (n—1D!=T(n) and XZ(-D/x/(+1) = (1; and the

+x)2

previous geometric series argument

2'U1 (o) V1 i
\% \% v Vo \vs—v, ) \% Vo \v1—v, v
() () S (2 ) o -
Vi — V3 V1/ \V1 — U/ \Vq ; Vi =V \1y V1

Thus the final expression for P(&¢,, = —2) follows

21/1

(14725 n38) sy ) " (1- )

V1 2
V3 (ﬁ)‘ﬁ—vz
<1 + V1 —=V2\Vg )

P(Eoo =_2) =

n=3
From Appendix [A.2] we know

V1 V1 (x—BIogz—i) (v1111v2 [x — 2log 11;_:])2 ~ (171%171172 log z—i)z

eVvi—V2

v1 _172 2' 2'

us;(dx) = dx

which we then substitute into (4. 3.1) to obtain

167

www.manharaa.com




i=0
X — Zlog—
X j (X + llOgV—2>l evVi—V ( +110gz_i)l v ev1i—v (x 3log—) (U1 Uy [ ])
\4 V1 V1=V 21
—ilogv—i
— 2
(24 0%)
S Rl 1 dx
2!
letu= x+ 110g— du = dx

A4

3v;

Va2 V2 (Vl — U2 \vi-v,
= (142 e ) < y
( +v1 -V, ogv1 2!

P (™)

y f(u)ie—(u) {uz +20i +2) (—zog Z—j)u L+ 1) +2) (—log Z_j)z

0

L+ D) <—log Z—j)z}du

2 .
3v; vy i ]
= <1 + Va log >(v1_—v2) <2)v1—vz Z(_l)l Va <2)V1—Vz (l + 2)'
Vi—Vy, “Vq 2! 2 _ v, — v, \uy m

2! (~log32) L+ (~tog22)’ LG+ (~tog z—i)z)

i! il il

Apply X72,(=D/x/(j+ DG +2) =

2 H . .
(1+2)° and the previous geometric series arguments
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v, Vz) (@)% (v1v_1v2) ! 2(1 -lnﬂ—i)z
Y1

In—
Vl - Vz Vl Vl 2'

P(£, = —3) = (1 +

N (— In Z—i)z
2

Vi
v Vo \vi=v,
(1 + vy —21/2 (v_’f)v1 Vz) )

n==4

From Appendix [A.2] we know

f (o5 -st002]) (2% 100%)
3 V1| T (rma10g22) | \py — v, [ 9v,1) oy =2,"%97,
u,(dx) = dxv1 - le 17V2 1 3 3]

_171 ﬁ
_(”1_172 logvl) ( ! [x—logﬁ)
V1 — 7y

U

which we then substitute into (A. 3.1) to obtain
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i [ V1 _ 2
+itog2) ) el tn] 21| 2o (2wl -3es 7))
1 vl—vzl 31

V2
letu= x+ilog— du=dx
Vi

vl 4171

i
vy (1/1 — 172 V-V, (= 1) V3 U2 V11]—1V2
=(1+ log Z o
Vi—Vy, ~Vy 3! 1= V2 \Vq

[ v v\
X J (u)ie~W {u3 + 3@ +3) (—log v_z) u? + 3u(i + 3)? (—log v_z)
1 1
0

3 3
+ (i +3)3 (—log 2) -8 (—log 2) }du =
U1 %1

Expanding (i + 3)%, k = 2,3 and noting fooo x"le™Xdx = (n—1)! =T'(n)
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v 3 v, o 7N
(oo T S oy s

vV,

+3) (1 - lnz—:)S 30+ 1) +2) (—logZ—j)z (1 - ln—)

V1
+ 4G+ 1) (— In :—2)3}

Then applying Y72, (— DG+ 1D)G+2)G+3) = and the previous geometric series

arguments we get the final form

(
V1 3 4 _ V_Z 3
(b = —4) = (1 + ” —21/2 ]nv—i) (v ;!vz) (z_j)vlztz ! 6 (1 In V1) —
vV Vv -
(15225 277
)
. 6(—lnz—i)2 (1—lnz—i) 4(_lnz_i)3 L
Vi1 3 2 2
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n=>5

From Appendix [A.2] we know

us(dx) = dx

01 (o si0g2) (17117 - [x—4log v_]) (%log z_:)

4

%) 4!

I eeVi~v2
V1 l

4!

2! 2! 212!

2171 3
_(v _vzlog ) ( Y1 [x—lo 2)
3! V1 —Vy 9 Ve
which we then substitute into
VvV — UV
P((, =-5)=—2 (1
U1
- -1t ¢ v,
log )Z (x
- V2 V1 =0 v, Vi — V2

i \% . A%
+ ilog Z_z)> eV1—2V2(X+1 logv_i)l u5 (dX)

1

to obtain

L)y S

P(£, = —5) = (1 +
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4
X f (X + ilog_2)>l ev1 Z~(x+ilogg?) le”l"l’ (x—Slog(%)) (V1 — [x - 4log( 1)])
V) Vi [ 41
1logv—1

(%1
B 41 B 2! 2!
v ! 2v v ; ]
—U 2 —4Uy 2
+<”1‘”zl°g (V1)> (Ul—leg (”1)>< U e 109 (2))) ’
2!2! 3' 1.71_ 2 x Og vl J x

-V v
note that ( L 2 —1) cancel out.
V1 V1—7V2

Taking care of the middle parenthesis { } and using +ilog ( ) we have

]2 e (32) 20 () - (2 <1:>>‘*

(210 (%)) (st [t (22) e (22)])} =

LoV
letu= x+ilog—
Vi
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3

fesates s o ) s 2]
st (g (2))
- (~to0 (2)) o+ 20+ (-tm (2)) 4202 (100 (2)) |
- 32100 (2)) [+ G+ (109 (22))| - 75 (100 (22)

Expanding the selections (shown in bold above) we obtain

G+)*=0G+DG+2)(G+3)G+)+6(G+DG+2)G+3)+25(G+ D[ +2)

+65( +1) + 81
uG+4)°3=ul(+2)G+3)G+4)+3(G+2)G+3)+7( +2) + 8]

WG +4)? = [(G+3+ DG +4)]
= [(G+3)G+D+G+D)] =w?*[((+3)G+D+ G +3) +1)]

G+2)?*=0G+D(G+2)+(G+D+1

Continuing with calculations we now have

5V1

P(§w=—5)=(1+ 1_v21nz—i)<ﬁ>m _VZ Z( 1)< V_2V2(2>J_lvz>ix
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X jouie"” {u‘* + 4u3(i + 4) ( log( 1)) + 6u?(i + 4)? < log (%))2
0
+ 4u(i + 4)3 <_10g (i—i))S + (i +4)* <—log Cj_i))z}
-6 (—log (Z_i)>2 u? + 2u(i + 2) <—log (%)) + (i +2)? (—log (%))2]
o (o) o o (o) (on G2 o

Note that fooo x"leXdx = (n—1)! = T'(n)

Vi

. .
Sv, (_) i !
=(1+ v, lnvz)(w) W=V Z( 1)< V2 (”2) )x
Vi—Vy Vi \1g ViT V2 i

x{(j+1)(i+2)(f+3)(i+4) [1‘1"9(%)]4
+(]-+1)(]-+2)(j+3)6( log( )) [1 log(v )]2

+G+ 1)(j+2)< log( )) [16 19l0g( )] + G+ 1)27( log (Z_i)>4}

Now we use the following geometric series arguments

Z)( VX =Ty
]=
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o)

. 1
z(—l)fxf(i +1) = arer

j=0

o)

o 2
Z(—l)fxl(i +1)(+2) = v

Jj=0

;(-Djxj(j +1DG+2)G+3) = aTot

24

;(—Dfxf(j +DG+2)G+3)G+4) = g

to obtain the final form

5

P = =5) = (1+——In%) (’2)% (Vlv—lw)élj 24(1-32)’
® vi—v, v/ \y 4! y N
l(l + V1 —2V2 (V_i) ' 2)
36(-1n22)" (1-1n%2)" 2(-n%)’ (16 - 191n}2)
+

Vi 1

V1 4 2
Vy (ﬁ)vl—vz Vo (ﬁ)m
(1+V1_V2 V1 ) (1+v1—v2 vy

+

3
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n==~6

From Appendix [A.2] we know

2! 3!
(525 t0g ) (52 [~ 210 )
3! 2!
_ 4
(s 10072) (5725 % 109 72)
B 41 1!
- v\* —4v, v,\°
_ (‘71 - ;21 12(;‘9 171) (Ulv_lyz [x —log z_j) _ (v1 — vzsfog vl)

which we then substitute into (A.3.1). Then similar arguments as in above apply, note that

here we use

O 120
;(—nwo’ FDGHDGHDGH DG+ = e

in addition to the above mentioned geometric series arguments and the expansion of (j + 5)°

is shown below
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G+5)° =G+ +2)(+3)G+)(G+5+10G+DG+2)G+3)G +4)

+65G+1D)G+2)G+3)+299(G+ 1) +2)+781(+ 1)+ 1024

The final form is as follows

6

v, Vy\ (Vy % —vz J 120 Zi)s
P(6n=-6)=(1+ %) (%) _ Ik

Vi —Vy Vi/\V V1
2 1 1 VZ)Vl_VZ

) 240 (— 1nz—i)2 (1 - 1n:j—i) (— ) ( ~191In.2 2411 ( In 2)2)
V2 V2 V1V—1Vz i Vz ﬁ '
<1+v1—v2(v_1) ) ( —1/2 ) )
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A.4 The likelihood approach to hypothesis testing

Based on Csérgé & Horvdth (1997, p.1 The Likelihood approach).

The likelihood approach to hypothesis testing: at most one change-point model (AMOC) where
parameter 9 changes at some unknown point in time 7. We have a two sample hypothesis test,

where the parameters are unknown and must be estimated.
HO: 191 = e = 197’1 VS. Hl: 191 _ e = 19-[ * 19T+1 — e = 197’1
If the change occurs at T = k, then we reject H, for small values of Ay

sup [[iL, f(X;; 9)
_ 9€0

Ay =
K7 Tsup TIZ, f(X;0) [T, , £(X;; 07)
(\9,\9*)6@

Here {X;: i = 1, ..., n} have probability density functions f(x; 9;). For each possible value of
1 < k < n we find unique (mle) estimators 9y, 95, 9, note that if k = n then there is no

change, and 9* cannot be found.
Rewriting the likelihood ratio we get
~21og Ax = 2{Li(8) + L (8) — L (9))}

Therefore we will reject Hy if the maximum of the above likelihood ratio, the test statistic U,,,

is large. We use the maximum since 7 is unknown.

Un = Jgg (~21og )

179

www.manaraa.com



The asymptotic distribution of the above test statistic is as follows

d d —t
lim P {(2 loglogn U,)'/? — (2 loglogn + Elog loglogn — logT (E)) < t} =e %Vt
n—->oo

where d is the number of parameters that change under the H; hypothesis.
Exponential distribution case

In the case of the exponential distribution where Y ~Exp(39), the density functionis f(y,9) =

1

3 e Y/ y =0, themleofdis 9 = % .Y, notethat v = %, T = k, and the likelihood

ratio is then as follows

1 1 1
—2logA, = 2{klog—+ (n — k)log— — nlog—
g Ax { gﬂk ( ) ge;; gﬂn}

where

9, =

k
S| 1
hoS=g )t Y=g ) ¥

n
i=1 i=1 i=k+1

S|k

Note that the asymptotic theory of U,, is quite robust to departures from the assumptions of

exponentiality and independence.

As an example let us use one of the datasets provided in Proschan (1963). The dataset we chose
contains 27 observations of times between successive failures of the air conditioning system of
a Boeing 720 jet airplane (7913), see Figure A.4.1 below. We assume the data are independent

and exponential.
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Time Series Plot of 7913

200 1
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3 6 9 12 15 18 21 24 27
Index

Figure A.4.1. Time series plot of intervals between failures of equipment.

We calculate the test statistic U,, = 1.46 which gives us t = 4, and thus 9,, = 76.8, 9, =

40.75, and 9; = 83.14.

Then based on the asymptotic distribution (double exponential) below
d d —w
P {W < (2loglogn U,)/? — (2 loglogn + Elog loglogn —logT (5)) = w} ~e72e
We obtain
1/2 1 1
w = ((2loglog27)1.46) "~ — (2 loglog 27 + Elog loglog27 —logT (E)) = —0.581
And thus the

90.581

p — value = P{W > 0.581} + P{W < —0.581} = (1 — e~2¢7"""") + ¢72¢>**" = 0.7012

Since the p — value = 0.7012 is quite large, we do not reject the “no change” null hypothesis,

and we do not detect a change in the value of the parameter 9.
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Note that the assumptions were not violated. We checked for independence by looking at
autocorrelation and partial autocorrelation plots, there were no significant lags. And the

exponentiality assumption is validated by Figure A.4.3 below.

Time Series Plot of -2LogLikelihood
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1.0

0.8

-2LogLikelihood
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0.0

T T T T T T T T T T T T T T T T T T T T
7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
Index

—-
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v
o

Figure A.4.2. Graph of —2log Ay, you can see the highest peak at 4.

Probability Plot of 7913
Exponential - 95% CI

9
Mean 76.81

epd N 27
ol AD 0.257
70 P-Value 0.879
60
50
40

';é; 304

g 20

o

1000
7913

Figure A.4.3. Test for exponentiality. Anderson-Darling statistic = 0.257, p-value = 0.879.
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Multivariate normal distribution case

In the case of the multivariate normal distribution we consider a sequence of independent
time-ordered random vectors Y; € R%, i = 1, ...,n. When testing for a change in the mean

only, we have the following

FlB) = g BT, o
v~ (Varm) |Z|2
| lf (12, %) = %eém” N
(Vam) |z

Let T = k, then the test statistic is as follows

)
U, = ma<>§l(—210gAk) = maxn log<I n||>

1<k

where the estimators of the mean are

and the estimators of the variance-covariance matrix are

i=k+1

k n
- 1
I = E{Z(yi - )Y — )" + Z Y, — )Y, - ﬁi)T}

)

1 n
"= ;{Zm ~ ) (¥, ﬁn)T}

i=1
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Note that the asymptotic theory of U,, is quite robust to departures from the assumptions of
normality and independence. Then based on the asymptotic distribution (double exponential)

below
d d —w
P {W < (2loglogn U,)? — (2 loglogn + Elog loglogn —logT (E)) = w} ~e~2¢

We can obtain the p-value and draw our conclusion.
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